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✴ ❋ ❇✭❉✡❋❊❋❍❄❆❙ ❩ ❄☛❋ ❩ ❋❍❋❊❄✻✺✭❄ ❑◗❄☛❚ ❅❯❄☛❋❍❚✚❄❆◆❊❙❯❚ ❋❍❝❆●☛❄☛❚✚❚ ❩ ❖✆❙❯❄☛❚ ❵❛❉✡◆✭❙ ● ❩ ❑❢●❆◆❍❑◗❄❆❙ ❑ ▼ ❝ ♣ ◆ ❩ ❅❯❖◗❉✡❋ ❇❲▼ ✑ ❖◗❋❊❚ ❅❯❄☛❖◗❋ ♣ ◆ ❩ ❋✝❇✓✒ ❄ ❑ ▼ ❩ ◆✭❙ ❩ ❖❍❝❆●❆❙❯❖✆❅❯❄ ❱☛❱❆❱
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✴ ◆❦❇✭❄❏❧ ❩ ❋❊❖ ✰ ❙❯❄❜❝ ♣ ◆❍❖◗P ❩ ❑◗❄☛❋✞❅❯❄✡♥✭❑ ❩ P ❩ ❑❢❄❆◆❊❙❫❇❊❄ ❑ ❩ ❇✭❄☛❋❍❚✚❖✆❅❯❝❜● ❙❯❖◗❅❯❖ ♣ ◆❍❄ ❩ ◆ ✒ ❉✡◆❊❙❥❇ ▼ ✲✭◆❊❖ ❣
✚✁  ✂✁☛ ✂☎✄ ✠  ✝✆✙☎  ✄✝ ✕ ✌✎☛ ✏✓✒ ✔✎✕✖ ✘✗✙☛✖✠☞✂











































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































✚ ❇ ✂✁☛ ✂☎✄ ✠  ✝✆✙☎  ✄✝ ✕ ✌✎☛ ✏✓✒ ✔✎✕✖ ✘✗✙☛✖✠☞✂









































































































































































































































































































































































































































✴ t ❊◗❉✵✴➐❏✏✎✥✤✧✦✧★✍✎✥✤➏❱✩✝✠✟✡✟☞☛✤❬❦❇✌❃✁❄ ❅●❂✬✫✯❉❋❊✝✭❑❆✯❂➉❆☞✫✤❂✖✭✤✭✤❂✬✫❑✩❤✴ ◆✽✴✶✫✮❄✤❂✰❆❢❈ ■✣❃✱❂❴❅✸✴✶✫✮❄✯❊✝❂✔❆✯❂❫◆✖❂➉✭✷❅✼❂▲◆✬❄✮✫✤❂✰✴✧❃✣❆✑■✯✩❤✴✧❊✷✫✤❂
❂✬❄♣❇✌❃✁❄♣❆✯❇✌❃✣❃❈❄s❆✯❂❝❃✱❇✌❉✫✪✯✫✤❂✲■✱✭✤❂✖✭✠❊◗❃✭✬➓❇✢✫✯❉✵✴✶❄✯❊✝❇✌❃✱✭❑✭✯■✯✫✾✩❉❈❊❇✢✫✯❊◗❆✑❊◗❃✱❂s❆✯❂✖✭❖❅●❂✬✫✮❄✯■✯✫✡✪✸✴✶❄✯❊✝❇✌❃✱✭✠❅✯✫✯❊◗❉✡❇✢✫✤❆❚❊❤✴✶✩✝❂✖✭✡❂✬❄✿✩❤✴
❆✁❄✖❇✌❉ ❄✬❄✮✫✯❊✝❂✺❆✯❂❑✩❉❈ ■✣❃✣❊✯✮✘❂✬✫✤✭❲❁ ♥✓❃ ❅●❂✲■✯❄❅❄✮✫✤❇✌■✰✮✘❂✬✫❩■✣❃✱❂♣✩◗❊✝✭✤❄✤❂✡❆✯❂✖✭❃❂rt❚❅ ❄✬✫✯❊✝❂✲❃❈◆✖❂✖✭❩❅✸✴✢✭✤✭✷❄✖❂✖✭❃❂✬❄✱✬❱■✯❄✯■✯✫✤❂✖✭✿❆✣❄✖❆❚❊❍❄✖❂✖✭
✴✧■ ✫✍✴▲❵✘❇✌❃✣❃✱❂✲❉✡❂✲❃✁❄✰❆✯❂✲✬➓❇✌❃✱❆ ✭✯■✯✫✡✩❤✴ ❅✸✴✧❆✘❂✔❆✯❂
✪
❁ ✓❁❂✲❆✑❉✵✴✶✫✄✂ ❏ ❏♦P✴✳✮➅↔▼✚❻⑧➛✽❱✞✝✠✟✡✟☞☛✤❬❂❁
✻
❇✌■✱✭✺❂rt❚❅●❇♦✭✤❂✬✫✤❇✌❃✱✭✵❆✱✴✧❃✱✭
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❣❑❤ ❣❑❤ ❣ ➏✴❿❑❧◆♠❾q●✉⑨⑤❊⑥❾❶⑨q●❿➑➐❑✉✽➒ ❶⑨❿❊➀✡③➁⑥❾❶⑨q●❿➓❤◆❤❭❤◆❤◆❤❭❤◆❤❭❤◆❤❭❤◆❤◆❤❹❤◆❤❭❤◆❤❭❤◆❤❭❤◆❤◆❤❭❤◆❤❹❤◆❤➔❣●→
❣❑❤ ❣❑❤ ➣ ❦↔③↕s❑➙❱❿✡③➁♦r❶⑨❷❱⑤❑❧♣s❊❧✬✉➛➒ ❶⑨❿❊➀✡③❙⑥✿❶❥q▲❿❞s❑③●❿➂♠➜✉➛➒ ③➁⑦❑⑦➂❽❾q➞➝❊❶⑨♦r③➁⑥❾❶⑨q●❿❡s❑⑤➠➟↕➡➁➢❊➤❥➥❚➦r➥❚➧➂➨✽➩➛➫↔➥❚➧➂➨
➭➲➯
➤⑨➡❙➳➵➩④➟↕➡➁➤➸➤④➺➻❤◆❤❭❤◆❤◆❤❭❤◆❤❹❤◆❤❭❤◆❤◆❤❭❤◆❤❭❤◆❤❭❤◆❤◆❤❹❤◆❤❭❤◆❤❭❤◆❤❭❤◆❤◆❤❭❤◆❤❹❤◆❤➔❣❑✐
❣❑❤ ❣❑❤ ➼ ➽❹❧❚❿❑t✈♠➾❧◆s❊❧✈♠✬➀➂⑤➂➋❍⑥✿⑤➂③❙⑥✿❶❥q▲❿➂♠✶⑦❑❽✿❶⑨♦➠q▲❽✿s❑❶⑨③●✉❥❧✈♠✬s❑⑤✮➋➌❼➂③●♦r⑦➊sP➒ ❶⑨❿❊➀✡③➁⑥❾❶⑨q●❿➻❤◆❤❭❤◆❤❹❤◆❤➔❣▲❣
❣❑❤ ❣❑❤ ➚ ➪↕❧♥➶●❧❚❿➂❶❥❽✴s❊❧✈♠✬➀➂⑤➂➋❳⑥❾⑤➂③➁⑥❾❶⑨q●❿➂♠✶s❊⑤❏➋➌❼➂③●♦r⑦✮s✯➒ ❶⑨❿❊➀✡③❙⑥✿❶❥q▲❿➹❤◆❤❭❤◆❤❭❤◆❤❭❤◆❤◆❤❭❤◆❤❹❤◆❤➔❣➁➼
❀❂❁❵➘ ➴✯❆❱❪➷❘❚❖❑❪❾➬❊❯❱❘❳❲❩❨✡❇➊■➂❆➊❜❩❯➮❴✃➱●❘❳❪❫❲❩❐❂❖❈❆ ❁❡❁❡❁❞❁❡❁❞❁❡❁❡❁❡❁❡❁❡❁❞❁❡❁❞❁❡❁❡❁❡❁❡❁❡❁❞❁❡❁❞❁❡❁❡❁ ❀❊❒
❣❑❤ ➣➂❤❥✐ ❮✻❷❱⑤➂③❙⑥✿❶❥q▲❿✮s❊❧◆➉✡③●♠❾❧❭s❑❧♥♠✬➀➂⑤➂➋❳⑥❾⑤➂③➁⑥❾❶⑨q●❿➂♠✶③●⑤➊⑦❑❽❾❧♥♦r❶❥❧♥❽✬q▲❽✿s❑❽❾❧❏❤❭❤◆❤❭❤◆❤◆❤❭❤◆❤❹❤◆❤➔❣➁➼
❣❑❤ ➣➂❤ ❣ ❰Ï❽❾q▲➉❑✉⑨t❚♦r❧◆s❊❧✬Ð➾③➁⑤❑⑩▲❧☎❤❭❤◆❤❹❤◆❤❭❤◆❤◆❤❭❤◆❤❭❤◆❤❭❤◆❤◆❤❹❤◆❤❭❤◆❤❭❤◆❤❭❤◆❤◆❤❭❤◆❤❹❤◆❤➔❣▲➚
❣❑❤ ➣➂❤ ➣ ❰Ñ❧♥❽➾⑥✿⑤❑❽✿➉➂③❙⑥✿❶❥q▲❿❝s❊⑤✮⑥❾❧♥❿➂♠❾❧❚⑤❑❽✶①♥❿❑❧❚❽✿⑩●❶⑨❧❳Ò➷❶❥♦r⑦❑⑤➂✉⑨♠❾❶❥q▲❿Ó❤◆❤❹❤◆❤❭❤◆❤❭❤◆❤❭❤◆❤◆❤❭❤◆❤❹❤◆❤➔❣●Ô
❣❑❤ ➣➂❤ ➼ ❮Ï➶●q▲✉❥⑤❊⑥✿❶❥q▲❿✮s❑❧♥♠♣⑦⑧❧❚❽❾⑥❾⑤❑❽✿➉➂③❙⑥✿❶❥q▲❿➂♠❏❤◆❤◆❤❭❤◆❤❭❤◆❤❭❤◆❤◆❤❹❤◆❤❭❤◆❤❭❤◆❤❭❤◆❤◆❤❭❤◆❤❹❤◆❤➔❣●Ô
❀❂❁Õ❒ ÖÏ❨✡❇❑◗●❜❵❖❊❋❚❲❩❨✡❇×❁❡❁❡❁❡❁❡❁❞❁❡❁❞❁❡❁❡❁❡❁❡❁❡❁❞❁❡❁❞❁❡❁❡❁❡❁❡❁❡❁❞❁❡❁❞❁❡❁❡❁❡❁❡❁❡❁❞❁❡❁❞❁❡❁❡❁ ❀❑➈
✂✱❈❞✴✧❊ ❅✯✫✷❄✖✭✍❂✲❃✁❄✷❄✹✩✝❂❝◆✽✴✧❃✱❂✞✮♦✴✢✭✾✭✤❄✍✴✧❃✱❆✱✴✶✫✤❆✦❆✯❂✺✩❉❈✩❄✞✮✘❇✢✩◗■✯❄✯❊✝❇✌❃ ❆✯❂✡✩❉❈ ■✣❃✣❊✯✮✘❂✬✫✤✭❲❁ ✂✘❂ ✮✢✴✧❊✝✭❖❉✵✴✧❊◗❃✁❄✤❂✲❃✸✴✧❃❣❄✡❆✣❄▲◆✬✫✯❊✷✫✤❂
✴✢✮✘❂▲◆❩❅✯✩◗■✱✭■❆✯❂❃❆✣❄✬❄✍✴✧❊✷✩✝✭❭● ■✱❂✬✩❍●❏■✱❂✖✭❨❅●❇✌❊◗❃✁❄✤✭✓● ■✣❊➏✭✍❂✬✫✤❇✌❃✁❄ ❊◗❉❋❅●❇✢✫✮❄✍✴✧❃✁❄✤✭❭❅●❇✌■✯✫♠✩❤✴❑✭✯■✣❊✷❄✤❂✾❆✯❂❅✩❉❈❊❂✈Ø❚❅✼❇♦✭✷❄✑❁↔Ù ■✣❊✝✭✷●❏■✱❂
Ú
❈❞✴✧❊④✴✧❃✣❃✱❇✌❃❈◆▲❄❧❆✱✴✧❃✱✭■✩✝❂❩◆❳Û✸✴✧❅✣❊✷❄✮✫✤❂❖❅✯✫✷❄▲◆▲❄✖❆✯❂✲❃✁❄▼●❏■✱❂❃✩✝❂✖✭❥✴✧❃✣❊✝✭✤❇✢❄✮✫✤❇✌❅✣❊✝❂✖✭❭❅✯✫✯❊◗❉✡❇✢✫✤❆❚❊❤✴✶✩✝❂✖✭❥❆❚■➒✫✍✴▲❵✘❇✌❃✣❃✱❂✲❉✡❂✲❃❣❄❃❆✯❂
✬✐❇✌❃✱❆✹❆❚❊❄Ü ■✱✭✢✵☞✴✧❊◗❃✱✭✯❊ ● ■✱❂■✩✝❂✖✭P❆♦✫✍✴✧❃✱❆✯❂✖✭❪✭✤❄✮✫✯■❈◆✬❄✯■✯✫✤❂✖✭✢✵❫✴✢✮✢✴✧❊✝❂✲❃❣❄☎❅✼❇✌■✯✫❵❇✢✫✯❊◗❆✑❊◗❃✱❂❥✩✝❂✖✭↔❛❈■❈◆✬❄✯■✸✴✶❄✯❊✝❇✌❃✱✭☎❅✯✫✯❊◗❉✡❇✢✫✤❆❚❊❤✴✶✩✝❂✖✭
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✬✤❂▲◆✬❄✤❂✲❉✡❂✲❃❣❄✺✯❉❈ ■✣❃✣❊✯✮✘❂✵✬✻✮
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✯●❫❣❱✧✮✷❅✖✪✌◆✧❱✑❁↔Ù ■✣❊❩✮✷●❏■✏❱✰✯●❫ ■✣❃✣❊✯✮✠❱✵✬✻✮❤❱✧✮❡❯❘❊❩✮✻❳✴❯❡✬✻❳✌❅✸❱✐❱✵❯◆Û✏❳✌❉❜❳✌❆ ✌✲❃✏❱❭✪✧■❂Ø❴❆✫✬✷✪✧❃✏❨✹❱✧✮✓❄▲◆❚Û✏❱✵✯✭✯❩❱✧✮✢✵✣❃✏❳✌■✏✮❤✪❬✯✭✯❩❳✌❃✏✮❥✮✯■✣❅✣❅✸❳❱ò
































































ú❂û❑ü✄✂ ✡✆☎ ☛ ✡ ✟☞☛ ✎❵þ✞✝⑧ü ✍✠✟ ✎ ýßþ✡✟  ✁✎ ✟ ✂Õû❑ü





















✕P❱✵❯❡❯✻❱✐⑩✧❳✴⑤✏❨❖⑧✭❯❡⑧❩❳✴⑤✞❾✚✮✻❳✴⑨✏✮ ✯❩❱✧✮ ❺✧❸✔⑨✖✪❬❯❡⑧❩❳✴⑤✏✮❥❨✹❱ ☛✏✬❡⑧❩❱✧❨❖③❚✪❬⑤✹⑤
✙✏✎❖②





































⑨✏✮✻❯✻❱❚⑧❩⑩✵⑧ ❸✔⑨✏❱✲✯●❫❣❳✴⑤❧⑦✸❱✵⑨✹❯✓☎ ❳✴✬❡③❚✪❬✯✭⑧❩✮✻❱✵✬❵⑨✹⑤❧⑦✸❱✵⑨ ⑦✹✯✭⑨✏✮❲✯✱✪
⑩✧❳✴⑤✏❨❖⑧✭❯❡⑧❩❳✴⑤
✙✏✎❖②
























û✣✝❅❄❑ü✈û✆ Pû❑ü✄✂ ✡✆☎ ☛ ✡ ✟☞☛ ✎❵þ✞✝⑧ü ✍✠✟✠✎➸ýßþ✡✟  ✏✎✒✟✞✂Õû❑ü☎ ✓✡ ☎✠✩ ✟Pý ✍     ✎✫✝✁✂✁✟ ☛ ✎❥þ✞✝
❆




❯✻❱✵⑤✖✪❬⑤✔❯❥⑤✏❳✴⑨✏✮ ⑦✸❱✵⑤✏⑩❳Û✏❱✵✬❤✮❡⑨✹✬ ✯❩❱❑❨✹❱✄ ✠❱✵⑤✹⑧✭✬✺❨❞❫ ⑨✹⑤✏❱✐❺✄ ✠❱✵⑤✔❯❡⑨✏❱✵✯✭✯❩❱❪⑩✧❳✴③❵⑦✸❳✫✮✷✪❬⑤❉❯✻❱❪⑤✏❳✴⑤❂ò❫Û✏❳✴③❜❳✴❻✠➁✵⑤✏❱
②




































































❱✵⑤ ❺✵❯❡⑨✏❨❖⑧✱✪❬⑤❉❯✲✯✱✪❀③❜❳✩④✠❱✵⑤✹⑤✏❱❼❨✏✪❬⑤✏✮❜✯❩❱✁ ➀⑧❩❨✹❱ ❨✹❱ ✮✻❱✧✮
❨❖⑧❄Ü❞❺✵✬✻❱✵⑤❉❯✻✮ ③❜❳✴③❜❱✵⑤✔❯✻✮
②




































































✑ ✑ ✚❥❱✧✮❡❯✺❨✹❳✴⑤✏⑩❭❯✻❳✴⑨✹❯✔☛ ☎●✪❬⑧✭❯
Ú
⑨✏✮❡❯❡⑧✌☞✖❺✧❱✫❾✚⑦✹⑨✹⑧❩✮✻❸❉⑨✏❱❪✯●❫❣❳✴⑤❷⑦✸❱✵⑨✹❯✰✮✻❱
✬✷✪❬③❜❱✵⑤✏❱✵✬ ☛⑥⑨✹⑤✏❱❑❯❍Û✏❺✧❳✴✬❡⑧❩❱❑✯✭⑧✭❽✹✬✻❱❑⑦✸❳✴⑨✹✬ ✯✱✪❭❦✏⑨✏⑩✵❯❡⑨✖✪❬❯❡⑧❩❳✴⑤❼✮❡⑦✖✪❬❯❡⑧✱✪❬✯❩❱✐❨✹❱❑✯●❫ ⑧✭⑤❖❦✚✪❬❯✻❳✴⑤
②




























































✪ ⑤✏❳✴✬❡③❚✪❬✯✭⑧❩✮✷✪❬❯❡⑧❩❳✴⑤❲❨✹❱◗⑩✧❱✧✮ ☎ ❳✴⑤✏⑩✵❯❡⑧❩❳✴⑤✏✮▼❱✧✮❡❯ ☞✯Ø✹❺✧❱✂❱✵⑤⑥❺✵❯❡⑨✏❨❖⑧✱✪❬⑤❉❯▼✯✱✪ ✮✻❳✴✯✭⑨✹❯❡⑧❩❳✴⑤❭⑦✶❳✴⑨✹✬①❨✹❱✧✮①③❜❳✔❨✹❱✧✮ ❽✸❱✩✪❬⑨✏⑩✧❳✴⑨✹⑦
⑦✹✯✭⑨✏✮✐⑦✶❱✵❯❡⑧✭❯✻✮❑❸✔⑨✏❱⑥✯●❫ Û✏❳✴✬❡⑧☞❇✩❳✴⑤
②✏✎








✕P❳✴③❵③❜❱❪✯❩❱❑⑦✖✪❬✬✷✪❬③❜➁✵❯❡✬✻❱⑥❨✹❱ ✕✺⑨✹❽✹❽✹✯❩❱  ✫✪❬✬❡⑧❩❱✐❯❡✬✻➁✧✮❥✯❩❱✵⑤❉❯✻❱✵③❜❱✵⑤✔❯✩❾✶❳✴⑤  ✴✪ ☎✍✪❬⑧✭✬✻❱❭⑩✧❳✴③❵③❜❱
✮ ❫ ⑧✭✯✞❺✵❯✷✪❬⑧✭❯ ✯❩❱✺③✑✜✵③❜❱✰⑦✸❳✴⑨✹✬ ❯✻❳✴⑨✏✮ ✯❩❱✧✮ ③❜❳➀❨✹❱✧✮✖✕
②
✛➀❳✴⑨✏✮ ⑩✧❱✧✮❭Û❉④➀⑦✶❳✴❯❍Û✏➁✧✮✷❱✧✮✩❾✹❳✴⑤❛⑦✶❱✵⑨✹❯ ❨✹❺✵❯✻❱✵✬❡③❵⑧✭⑤✏❱✵✬ ✯●❫☛✪❬③❵⑦✹✯✭⑧✭❯❡⑨✏❨✹❱

























































































































❳✴✬✻✮✻❸✔⑨✞❫❣❳✴⑤ ✯❩➁✄ ✠❱✥✯●❫☛✪❬⑦✹⑦✹✬✻❳❙Ø❖⑧✭③❚✪❬❯❡⑧❩❳✴⑤ ☎●✪❬⑧✭❯✻❱✳⑦✹✯✭⑨✏✮ Û✖✪❬⑨✹❯❶❨❞❫ ⑨✹⑤ ⑦✖✪❬✬✷✪❬③❜➁✵❯❡✬✻❱❴❨✹❱ ✕✺⑨✹❽✹❽✹✯❩❱












ú❂û❑ü✄✂ ✡✆☎ ☛ ✡ ✟☞☛ ✎❵þ✞✝⑧ü ✍✠✟ ✎ ýßþ✡✟  ✁✎ ✟ ✂Õû❑ü
ø❀✿❄ø❀✿✁  ✂
û☎✄➂û✣✝ ✎❃✟  Pû❑ü✄✂ ✡✆☎ ☛ ✡ ✟☞☛ ✎❵þ✞✝⑧ü  ✓✡ ☎✠✩ ✟↔ý ✍     ✎❃✝✆✂✁✟ ☛ ✎❥þ✞✝
✔
❱✧✮❂⑩✩✪❬✯❩⑩✵⑨✹✯❩✮ ❨✹❱ ✯✱✪❪✮✻❱✧⑩✵❯❡⑧❩❳✴⑤❝⑦✹✬✻❺✧⑩✧❺✧❨✹❱✵⑤❉❯✻❱❤⑤✏❳✴⑨✏✮◗③❜❳✴⑤✔❯❡✬✻❱✵⑤❉❯ ⑩✧❳✴③❵③❜❱✵⑤❉❯ ✯●❫ Û✔④✔⑦✸❳✴❯❍Û✏➁✧✮✻❱❤❨✹❱❥❸✔⑨✖✪❬⑤❉❯❡⑧✌☞✖⑩✩✪❬❯❡⑧❩❳✴⑤
❨✹❱ ✯●❫ ⑧✭⑤❖❦✚✪❬❯✻❳✴⑤❲❱✵⑤✹❻✠❱✵⑤✏❨❖✬✻❱✂⑧✭⑤✏❺✄ ➀⑧✭❯✷✪❬❽✹✯❩❱✵③❜❱✵⑤❉❯ ❨✹❱✧✮✸❦✏⑨✏⑩✵❯❡⑨✖✪❬❯❡⑧❩❳✴⑤✏✮▼✯❩❳➀⑩✩✪❬✯❩❱✧✮①❨✏✪❬⑤✏✮①✯❩❱✂⑩❳Û✖✪❬③❵⑦❲❨❞❫ ⑧✭⑤❖❦✚✪❬❯✻❳✴⑤
②
✕P❳✴③❵③❜❱
⑩✧❱✂⑩❚Û✖✪❬③❵⑦❭❱✧✮❡❯✞⑩✧❳✴⑨✹⑦✹✯❩❺✂❻✫✬✷✪✸ ➀⑧✭❯✷✪❬❯❡⑧❩❳✴⑤✹⑤✏❱✵✯✭✯❩❱✵③❜❱✵⑤❉❯ ☛ ✯✱✪P③❜❺✵❯❡✬❡⑧❩❸✔⑨✏❱✫❾ ❳✴⑤  ✫✪P❽✹✬❡⑧❩✮✻❱✵✬✞✯●❫ Û❉④➀⑦✸❳✴❯❍Û✏➁✧✮✻❱✂❨❞❫ Û✏❳✴③❜❳✴❻✠❺✵⑤✏❺✵⑧✭❯✻❺
❱✵❯✂❨❞❫ ⑧❩✮✻❳✴❯❡✬✻❳✴⑦✹⑧❩❱
②












































































































































































































































































































➓ ①✓✈❜❢✹✐✝➔✾❝❧♠❭❛✝① ♦ tr♠❥→❧❢ ❝✾①✓✐⑥❴❜♠❭❛✍⑦
➣
①✓❴③①❡✐✝➔❱❴❜❢✎→✢❴✫♠r✇✫❴ ♠✓t❡s◗s⑥❴✢⑦












































































































































❱❤⑩❍✉✛r❂❨❞❫ ⑨✹⑤❇⑩✲➈❂✉❬⑤✹❻✠❱✵③❜❱✵⑤✔❯ ❨✹❱ t✻❱✵⑦✸➁✒t✻❱✫❾
✇
❱sr❂❯✻❱✒t❡③❜❱sr ❨✹❱✺⑦✶❱✒t❡❯❡⑨♦t❡❽❂✉❬❯❡⑧❩❳✴⑤❛⑤✏❱❥r✻❳✴⑤❉❯ ❱✵⑤✔☎❸✉❬⑧✭❯ ❸❉⑨✏❱❤❨✹❱sr➆✉③t❪❘























































































































































































































































































































































































































































































































































































▼ ▼ ❫❵❴❜❛●❛✹❴②✈❪➛❭tr❝❧❛✹✐◗❣✾♠④♠r❴ ①❡✈✫❞❂❴✫♠r①④❞❡s◗tr♣ ➛✦tr❴ ①❡t④✇ ❘r❝✢❥✉❞♥①❡❴ ❞❂❴❜❢●❛✹t❡❢✹qr❝❧❛✹✐◗❣✾♠♥❞rt❡❢✹❴❜❥✉❴✫♠✦❛ ❛✹❴✫♠❡♣●❣✢❢✹✐◗❴✫s ➟
➟
➠
⑦✘✸ ❝✢♠r♣ ✇❜❴❜❛●❛✹❴ ✈☛➛✦t★❝✖❛✹✐◗❣✾♠




























































































































































































































































































































































































































❱ ❅❱✸✘✺✼✗➙❿ ✕ ✘✿✗ ➀✳✚✻➀ ✚✻➀✿✺✝✘✿✯ ✗✄✂
























































































































































































































































































▼✗✛ ❣✢♠ ❞❂❴✫t✓❛⑤❥✉❣✾♠✦❛●❢✹❴❜❢⑤❴✫♠✢✜▲❣✾tr❝✢♠✦❛ ♣●t❡❢✏s◗❴✫♣ ✐⑥①✓❴✫♠✦❛✹✐◗❛✹✈❜♣ ①❡❴✞✣❵✐⑥❝✢♠r✇❙❘r✐✻➛✦tr❴ ✇✫❴✫♣✏①✓❴✫t❡❤✉✈❪➛❭tr❝❧❛✹✐◗❣✾♠❡♣⑤♣●❣✾♠✦❛✏✈☛➛✦t❡✐■➔✢❝✢s◗❴✫♠✦❛✹❴✫♣⑤❝✢t❡❤④①✓❴✫t❡❤
❞❡❢✹❴✫❥✉✐✥✤❜❢✹❴❜♣✫⑦
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Cosmic string lens effects on CMB polarization patterns
K. Benabed and F. Bernardeau
Service de Physique The´orique, C.E. de Saclay, 91191 Gif-Sur-Yvette, France
~Received 10 June 1999; published 23 May 2000!
Extending the Kaiser-Stebbins mechanism we propose here a method for detecting relics of topological
defects such as cosmic strings based on lens-induced small-scale B-type polarization in the cosmic microwave
background. Models of inﬂation, in which large-scale structures of the Universe emerge from the inﬂaton
ﬂuctuations, do not exclude the formation of topological defects at the end of the inﬂationary phase. In such a
case, we show that the lens effect of a string on the small-scale E-type polarization of the cosmic microwave
background induces a signiﬁcant amount of B-type polarization along the line of sight. The amplitude of the
effect is estimated for different resolutions of cosmic microwave background experiments.
PACS number~s!: 98.70.Vc, 98.62.Sb, 98.80.Cq
I. INTRODUCTION
The temperature anisotropies of the cosmic microwave
background ~CMB! offer a unique window towards the phys-
ics of the early Universe and for an understanding of the
large-scale structures. Current observations of the tempera-
ture anisotropies power spectrum C l point toward the exis-
tence of a well-localized ﬁrst acoustic peak @1#. If this result
is conﬁrmed by the next generation of CMB experiments, it
supports models of large-scale structure formation from adia-
batic scalar ﬂuctuations at the expense of models of topologi-
cal defects and more particularly of cosmic strings @2,3#. Fur-
thermore, the shape and normalization of the local matter
density power spectrum P(k) is also in poor agreement with
the CMB data for such models @4#. This suggests that only a
small fraction of the large-scale inhomogeneities might be
due to topological defects. However, recent studies have
shown that in realistic models of inﬂation cosmic string for-
mation seems quite natural at the end of the inﬂationary pe-
riod: it is a natural outcome in the super symmetry-inspired
scenario @5#; it can also be obtained during a pre- or reheat-
ing process @6#.
The effects of cosmic strings on the last scattering surface
temperature map have been described by Kaiser and Steb-
bins @7#. If a cosmic string is moving against an homoge-
neous surface of uniform temperature, the energy of the de-
ﬂected photon @8# is enhanced or reduced ~the photons are
then blueshifted or redshifted! depending on whether the
photon is passing behind or ahead the moving string, a
mechanism through which temperature anisotropies are gen-
erated. The aim of this paper is to explore the possibilities of
having similar effects for the polarization properties. Obvi-
ously, if the background surface is unpolarized, the deﬂected
photons remain unpolarized and no effects can be observed.
However, if the background sky is polarized, then the polar-
ization pattern is affected through lens effects and, in par-
ticular, a geometrical deformation can naturally induce
B-type polarization out of the E component. This mechanism
has been described for the large-scale structures @9# and rec-
ognized as a major source of B-type small-scale CMB polar-
ization. We are interested here in the case of cosmic strings
for which this effect can be easily investigated and visual-
ized. Note that, by doing so, we neglect a possible coupling
with an axionic ﬁeld associated with the string that could
induce signiﬁcant photon-string nongravitational couplings
to a ﬁnite distance @10#. The background model of large-
scale structure formation of this paper is therefore inﬂation-
driven adiabatic ﬂuctuations with a few cosmic strings that
may have survived from a late-time phase transition although
with a signiﬁcant linear energy density. Note that what we
are describing here is a secondary effect from a perturbation
theory point of view in the sense that it is quadratic in the
metric perturbation: it is a coupling between the local gravi-
tational potential and the potential on the last-scattering sur-
face ~the Kaiser-Stebbins effect is also a secondary effect!.
We do not attempt to describe the primary anisotropies in-
duced at the recombination time that have been examined in
other studies @11#.
In Sec. II we examine in detail the effects induced by
straight strings and by circular loops. Section III contains the
result of simulations of the effect. Then, in Sec. IV, we es-
timate the detectable amplitude of the B component in the
case of a straight-string-driven deformation.
II. COSMIC STRING LENS EFFECT
In the inﬂationary scenario, at any given scale, scalar per-
turbations give birth to a scalar polarization pattern—that is
to say, to E-type polarization—whereas tensor modes, which
can induce both E- and B-type polarizations, contribute only
at a very large scale @12#. This result accounts for the sym-
metry of the fluctuations. It implies that at small scales the
pseudoscalar B field
B[D21@~]x22]y2!U22]x]yQ# , ~1!
defined1 from the Stokes parameters Q and U, is zero. The
polarization field is then entirely defined by the scalar E field
E[D21@~]x22]y2!Q12]x]yU# . ~2!
Since the polarization vector is transported parallel along
the geodesics, a gravitational lens affects the polarization
1Throughout the paper we work in the small-angular-scale limit.
See @13# for a general discussion of these properties.
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simply by displacing the apparent position of the polarized
light source @14#. In other words, the observed Stokes param-
eters Qˆ and Uˆ are given in terms of the primary ~i.e., un-
lensed! ones by
Qˆ ~aW !5Q~aW 1jW !, Uˆ ~aW !5U~aW 1jW !, ~3!
where jW is the displacement field at angular position aW ~aW is
a 2D vector that gives the sky coordinates in the small-angle
limit!. The displacement jW is given by the integration of the
gravitational potential along the line of sights. We will as-
sume in this paper that the only potential acting as a lens is
the cosmic string potential. It obviously depends on the
shape, equation of state, and dynamics of the string.
Putting Eq. ~3! into Eq. ~1!, we can write a general ex-
pression of DBˆ in presence of lenses:
DBˆ ~aW !522Q






































There are no reasons for the displacement field to preserve a
nonzero B-type cosmic microwave background polarization
simply because the two scalar field compositions ~one being
the primary scalar perturbation, the other the line-of-sight
gravitational potential! break the parity invariance.
For illustration we examine here explicitly the two special
cases of a straight cosmic string and of a circular cosmic
string, both of them in a plane orthogonal to the line of sight.
A. Case of a straight string
Let us assume that a straight string is aligned along the y
axis. Then the displacement is uniform at each side of the
string. The deflection angle a54pGm @8# ~where G is the
Newton constant and m the string linear energy density! in-





the sign depending on which side of the string one observes;
the displacement along y is obviously 0. DCMB,string and
Dstring are the cosmological angular distances between, re-
spectively, the last scattering surface and the string, and the
string and the observer. In the following, we will assume that
we are in the most favorable case for detection, when the
ratio of the distance is about unity, hence removing any geo-
metrical dependence on the cosmological parameters. Then,
the string lays at equal distance between the last scattering
surface and the observer.2 For a Gm around 1026 @8#, the
typical expected displacement is about less than 10 arc sec.
We can write the expression of the Stokes parameters,
Qˆ ~x ,y !5Q~x2j0 ,y !u~x2x0!1Q~x1j0 ,y !
3@12u~x2x0!# , ~6!
where u is the step function and x0 is the position of the
string. The same expression holds for Uˆ . Since the primary
polarization map is B free, the Laplacian of the observable B
field is finally given by














One can note in Eq. ~7! that the effect is entirely due to the
discontinuity induced by the string on the polarization map.
Furthermore, the B component of the polarization will only
be nonzero on the string itself. Obviously, the efficiency with
which such an effect will be observed depends on the angular
precision of the detectors as we discuss later.
B. Case of a circular string
The case of a collapsing circular string loop allows us to
complement our analysis with the effect of the string curva-
ture. As shown in @15# the lens effect of such a string, when
facing the observer, is equivalent to the one of a static linear
mass distribution. The structure of the displacement field is
then simple. Let us consider a loop centered at the origin of
our coordinate and of radius a l . If one observes towards a
direction through the loop, the displacement is nil. Outside




aW for a.a l . ~9!
Note that, in j0 , m is an effective quantity that contains the
effects of dynamics as well. Then, Qˆ is
Qˆ ~aW !5QFaW S 122j0 a la2 D Gu~a2a l!1Q~aW !
3@12u~a2a l!# . ~10!
Two effects are induced in this case. The first one, also
present in the straight string case, comes from the disconti-
nuity of the polarization field; this is the strong lensing ef-
fect. It is due to the existence of a critical region in the
source plane where objects can have multiple images ~two in
this case, but it can be more in general @15#!. The second one
is a weak lensing effect simply due the deformation of the
source plane; it will be small compared to the other. This
latter effect is investigated in more detail in @16#. We expect
these two effects to be present for any string model.
III. SIMULATED MAPS
We present in Figs. 1–4 the simulation results of circular
cosmic string ~30 arc min radius, j0559!. The cosmic mi-2This means a redshift of 3 for an Einstein–de Sitter universe.

















crowave background polarization realization uses C l calcu-
lated with a standard cold dark matter model with a cosmo-
logical constant ~LCDM!. Only scalar primary perturbations
are used here since we do not expect any significant tensor
mode at such a small scale; without the string, there is no
signal in the B component.
The hot and cold ~black and white! patches run along the
string path. They come from the d8 term in the Eq. ~7!. Its
amplitude is the result of a finite difference in the U field at
distance 2j0 . We will see in last section that, at small filter-
ing resolution, this term dominates the amplitude of B polar-
ization.
It is interesting to note here that the weak lensing effect is
negligible at these scales. Besides, even the discontinuity
effect is really small at a 5 arc min angular scale. A 4 times
better resolution enhances significantly the signal ~about 10
times!. Note also that the hot and cold spots along the strings
have the same linear sizes as the typical peaks of the polar-
ization field. We expect that this feature and the very pecu-
liar shape of the effect on the cosmic microwave background
polarization maps could help discriminate between this effect
and other secondary polarization sources or foregrounds
~lensing from large-scale structures, dust polarization, etc!.
The extraction of a clean cosmic microwave background po-
larization out of a signal with foregrounds has been studied
@19# at a larger scale. Very little is known about the contami-
nation of the B signal at the scale we are looking at here.
IV. AMPLITUDE OF A STRAIGHT STRING EFFECT
We come back to the case of a straight cosmic string. It is
easy to estimate the amplitude of the effect which only con-
sists of a discontinuity. At small angles we can decompose




˜ ~ lW !e iaW • l
W
. ~11!
FIG. 1. B field for a circular loop crossing a 5083508 window.
The filter resolution is 5 arc min. At this scale, the B field is less
than 1% of the E one. The very faint patches that can be noticed
above the string are the weak lensing effect signature ~a few percent
of the strong lensing effect coming from the critical region!.
FIG. 2. Same as Fig. 1 for the E field. At this scale the string
remains completely ‘‘diluted’’ in the E field and cannot be seen ~the
effect is smaller than 1% of the mean primary E signal!.
FIG. 3. Same as Fig. 1 with a better resolution ~1.28!. The dis-
continuity effect is less diluted. The B field is now in amplitude
about 10% of the typical E fluctuations.
FIG. 4. Same as Fig. 2 for a 1.28 resolution. The discontinuity
effect is now visible in E. Lens effects induce mode couplings that
create structures at very small scales dominating over primary
structures.








It is straightforward to write for B, in Fourier space,
DBˆ ~x ,y !52E d
2l
2p E






l2 d~x2x0!G . ~12!
This expression makes sense only if convolved with a test
function—that is to say, convolved with a suitable window
function. For simplicity, we assume that our observational
device window is described by a Gaussian window function






















˜ ~ lW !e i@x0~ lx2k !1xk1yly#





The rms of DBˆ W can then be expressed as a function of the




















2 G . ~15!
CE(l) has a natural cutoff due to the Silk damping scale
ldamp(1/ldamp;108), a scale much bigger than the induced




. Then the amplitude of the effect grows like j0 .
Besides, if the size of the window is smaller than the typical
scale of DE structures, aw!apeaks with apeaks;1023, we
have exp(2ly2aw2 );1. And from Eq. ~15! we can then calcu-
late












The distance to the string, x5x06aw , has been chosen to
give a realistic account of the effect ~in the simulation this
corresponds almost to the peak of the hot and cold patches!.
Figure 5 shows these results for a LCDM model—the only
dependence on the cosmological parameters appears in the
position of the polarization peaks which depends essentially
on the global curvature of the Universe. Our approximation
is not exact at 58, but is fairly accurate at 18. Numerically, we
found that, at 58 resolution, the amplitude of the effect
evolves like ;325j0 at the position x5x06aw ; it is ;1.5
31022 when j05109. The slope at small aw is due to the
apeaks
2 /aw
2 in Eq. ~16!—that is to say, to the d8 in Eq. ~7!.
This is in good agreement with the simulations that sug-
gested an effect of this order of magnitude dominated, at
small aw , by the finite difference in U field at 2j0 scale.
V. CONCLUSIONS
The so-far planned cosmic microwave background experi-
ments will have, at their very best, a 58 resolution @17#. We
showed that at this angular scale and assuming that a string
with j05109 exists ~which is perhaps somewhat optimistic!,
we can expect a signal in B-type polarization with an ampli-
tude of about 1% the signal in E-type polarization. This sig-
nal is too weak to be actually detected. Beside, the weak
lensing is expected to induce B-type polarization at the same
scale and is likely to hide any string effect. Improving the
resolution of the detector, however, will dramatically en-
hance the detectability of a string effect; at 18 scale, we ex-
pect indeed to gain a factor of 10 in the amplitude of the
effect that should make the detection possible. The detection
of cosmic strings through this effect ~or through the Kaiser-
Stebbins effect which also requires a good angular resolu-
tion! will probably be possible only with the post-Planck
generation of instruments @18#.
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FIG. 5. A comparison of the exact computation of
A^DB2&/^DE2& ~dashed line! at x5x06aw and j05109 and its
approximation @see Eq. ~16!#. The amplitude of the effect is about
10% at 18 scale, about 1.5% at 58. The agreement between the exact
amplitude and Eq. ~16! weakens for scales above 28–38.
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LENSING EFFECT ON THE RELATIVE ORIENTATION BETWEEN THE COSMIC MICROWAVE
BACKGROUND ELLIPTICITIES AND THE DISTANT GALAXIES
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ABSTRACT
The low-redshift structures of the universe act as lenses in a similar way on the cosmic microwave
background (CMB) light and on the distant galaxies (say at redshift about unity). As a consequence, the
CMB temperature distortions are expected to be statistically correlated with the galaxy shear, exhibiting
a nonuniform distribution of the relative angle between the CMB and the galactic ellipticities. Investigat-
ing this e†ect, we Ðnd that its amplitude is as high as a 10% excess of alignment between CMB and the
galactic ellipticities relative to the uniform distribution. The relatively high signal-to-noise ratio we found
should make possible a detection with the planned CMB data sets, provided that a galaxy survey follow-
up can be done on a sufficiently large area. It would provide a complementary bias-independent con-
straint on the cosmological parameters.
Subject headings : cosmic microwave background È gravitational lensing È
large-scale structure of universe
1. INTRODUCTION
The analysis of gravitational lensing of the primordial
Ñuctuations in the cosmic microwave background (CMB) is
of growing interest, since it gives a direct probe of the mass
distribution up to very high redshift. The detection of the
lens e†ects on the CMB would be very precious for con-
straining the cosmological parameters, with no ambiguities
about the distance of the source plane. Although the e†ect
on the CMB power spectrum is rather weak and a†ects only
small scales (l [ 1000), it is now recognized that gravita-
tional lensing can produce some speciÐc features worth
investigating. In this paper we focus our investigations on
the temperature maps only, although it has been noticed
recently that lenses can also a†ect signiÐcantly the polariza-
tion properties of the CMB maps (Zaldarriaga & Seljak
1998 Benabed & Bernardeau 1999).
So far there are two distinct e†ects that invite attention :
the small-scale (subarcminute) strong deformation of the
temperature Ñuctuations that can be used to probe galaxy
cluster gravitational potential (Zaldarriaga & Seljak 1999 ;
Metcalf & Silk 1998) and an intermediate- and large-scale
statistical e†ect (Bernardeau 1997 ; Bernardeau 1998 ; Seljak
& Zaldarriaga 1999), which is a way to determine the
cosmological parameters and provides a consistency test
against other CMB analyses. The detection of the small-
scale lens e†ects remains to be proved feasible. In particular,
the accumulation of secondary anisotropies (such as the
Sunyaev-Zeldovich and Ostriker-Vishniac e†ects and the
nonlinear Sachs-Wolfe e†ect) will mask the primordial lens
e†ects and make the interpretation of lensed secondary
anisotropies dependent on the unknown redshift where the
secondary anisotropies were generated. At scales above 1@
or 2@, the interpretation of the lens e†ects should be more
straightforward, but the number density of Ñuctuations is
not large enough to allow an accurate mass reconstruction
of the lens (in particular, in the case of clusters of galaxies).
Therefore, at scales larger than a few arcminutes, only a
statistical detection of the lens e†ect seems possible. More
speciÐcally, Bernardeau (1998) investigated the e†ect of
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lensing by the large-scale structures on the distribution of
the CMB ellipticities. The consequences are the same as for
the lensed distant galaxies : the gravitational distortion
induces an excess of elongated structures of CMB ellip-
ticities. The intrinsic CMB ellipticity distribution being
known for a Gaussian Ðeld (e.g., Bond & Efstathiou 1987), it
is then possible to compute the lensed distribution. The
lensed distribution is, unfortunately, rather close to the
unlensed one, in particular because the smoothing caused
by the CMB beam tends to circularize the local structures.
The orientation of the local ellipticity is expected to be
much more robust against the smoothing e†ects and there-
fore more efficient in tracing the lens e†ects. As a result of
the low number density of structures on CMB maps, such
e†ects can hardly be detected in CMB maps alone, so in this
paper we investigate instead the possible cross-correlation
of CMB ellipticities with the distant galaxy ellipticities.
It has been recognized before that a fair fraction of the
lenses that act on CMB temperature maps are at low red-
shift (Suginohara, Suginohara, & Spergel 1998). There are
di†erent consequences. Temperature maps and a galactic
density survey should exhibit some correlations
(Suginohara et al. 1998), and lensing induces a nonzero
three-point function (or equivalently a bispectrum) in the
CMB maps (Goldberg & Spergel 1998 ; Spergel & Goldberg
1998). This is due to the coupling between lens e†ects and
low-redshift primary or secondary anisotropies such as the
integrated Sachs-Wolfe e†ect or the Sunyaev-Zeldovich
e†ect.
In this paper we focus our analysis in the expected corre-
lation between the CMB ellipticities and those of distant
galaxies. We indeed expect their relative angle to be nonuni-
formly distributed, unlike what would happen if there were
no lensing e†ects. We examine here the amplitude and the
observability of this e†ect. It is worth stressing that, unlike
in the analysis performed by Suginohara et al. (1998), the
correlation signal we are aiming at is independent of any
possible galaxy bias. It would then provide a complemen-
tary constraint on the fundamental cosmological param-
eters a priori independent of those provided by the
observations of the primary anisotropies.




relevant quantities in ° 2. In ° 3 we investigate the amplitude
of the e†ect for di†erent cosmologies, and we calculate the
signal-to-noise ratio in ° 4. Section 5 is a discussion on the
contribution of the di†erent possible foreground contami-
nations, before we conclude in ° 6.
2. LENSING OF CMB ELLIPTICITIES
A bundle of light rays coming from a high-redshift source


















describe the isotropic and anisotropic deformation of the
light bundle. The convergence i and the shear c depend on
the integrated gravitational potential along the line-of-sight
h and distort the image of distant galaxies as well as the
CMB Ñuctuations.
At any position on the CMB temperature map, we can




































This relation is similar to the ellipticity of a galaxy deÐned
from its second-order moments. A peak of temperature with
the same curvature on both axes has a zero ellipticity, but in
contrast to the ellipticity of the galaxies, the CMB ellipticity
can take any value between zero (circular peaks) and inÐn-
ity (symmetric saddle points). However, it is always mean-
ingful to deÐne the orientation of the CMB ellipticity h
e
\





lensing e†ect tends to stretch the structures and therefore to
produce an excess of elongated structures relative to the
number of rather round objects (Bernardeau 1998). The
lenses tend also to align the CMB ellipticity with the shear
c(h) acting on the CMB at the angular position h. This is
similar to the e†ect that occurs on the ellipticity of distant
galaxies, although the corresponding shear cannot bec
g
(h)
identiÐed with c(h), since the galaxies are at much lower
redshift. The variables c(h) and are, however, correlatedc
g
(h)
because the light coming from either the CMB or the
distant galaxies is passing through the same portion of low-
redshift universe, and, consequently, for a given line of sight
h, the CMB ellipticities are preferentially aligned with the
distant galaxies.
In the paradigm of inÑation, the CMB Ñuctuations are
Gaussian. Therefore, the unlensed CMB ellipticity distribu-
tion is very speciÐc and furthermore independent of the
shape of the temperature power spectrum (Bond & Efsta-
thiou 1987). The e†ect of gravitational lensing on the sta-
tistic of a Gaussian random Ðeld can be calculated
analytically, at least using perturbative methods. According
to equation (1), the Ðelds of interest are the second deriv-
atives of the temperature Ðeld, which deÐnes the CMB ellip-
ticity. It is useful to introduce the matrix of the




































We want to calculate the e†ect of lensing on e and write the
lensed ellipticity as a function of e, the shear c, and theeü
convergence i. For this we need to calculate the lensed
quantities and and expand the expressions using thegü qü
weak lensing approximation (c, i) > 1.
The e†ect of weak lensing is only a remapping of the
temperature Ñuctuations through the displacement Ðeld





prim(h ] n(h)) . (4)
The magniÐcation matrix is the Jacobian of the transform-
ation between the source and the image plane. It is given by


















where K is the convergence and c the shear. The lensed



















The Ðrst term is identical to the lensing term for galaxies,
and the second term makes the spatial derivatives of i and c
intervene. This second term accounts for the variation of the
ampliÐcation matrix across the CMB patterns. It cannot be
a priori neglected because the scale at which the shear is
estimated corresponds roughly to the Ðltering scale, a scale
over which the shear might signiÐcantly change. Note that
for the galaxy Ðeld, the shear is measured at a much smaller
scale (the galaxy size), and the shear gradient term is always
neglected. However, we will assume later that the shear Ðeld
is Gaussian (which is a reasonable approximation for scales
larger than a few arcminutes), for which the shear gradient
is uncorrelated to the shear itself. Therefore, we expect the
shear gradients to play no role in the cross-correlation
pattern. As a result, in the following the second term of
equation (6) will be ignored for the lensed CMB ellipticities
as well.
It is then easy to obtain the transformation equations for
q and g :
qü ^ q(1 [ 2i) ] 2c Æ g ,
gü ^ g(1 [ 2i) ] 2qc . (7)
The lensed ellipticity is obtained from equations (3) andeü
(7) :
eü ^ e ] 4(c Æ e)e [ c . (8)
Note that this is very similar to the galaxy ellipticity trans-
formation relations (Schneider & Seitz 1995), for which we
have if z is the intrinsic galaxy ellipticity.zü ^ z [ (c Æ z)z ] c
It is remarkable that the lensed ellipticity does not depend
on the convergence i.
3. GALAXY-CMB ELLIPTICITIES ORIENTATION
Let h be the angle between and the shear c(h) at theeü
redshift of the CMB and the angle between and theh
g
eü














We should emphasize that the angles h and are twice theh
g
physical angles measured from the temperature map and
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the distant galaxies (e.g., means that a lensed tem-h
g
\ n
perature Ñuctuation is perpendicular to a sheared distant
galaxy, if they were both intrinsically circular).
We want to calculate the probability distribution func-
tion of the relative orientation between the lensedP(h
g
)
CMB ellipticity and the sheared distant galaxies. This can
be done by marginalizing the joint probability




) (eü , c, c
g
, h).























contribution) is the joint probability that the shear is c at
the last-scattering surface and for the distant galaxies.c
g
is the probability of observing a lensed CMB ellip-P(eü o c)
ticity when the shear is c at the last-scattering surface.eü
This conditional probability depends on the ellipticity dis-
tribution function in the Ðeld of the unlensed CMB p(e),
which can be derived by integrating equation (A.1.6) of









From equation (8) and the weak lensing approximation
(c > 1) we get





















1 ] 8eü 2
B
. (12)
The integration over gives the desired probability (eq.eü




















observables will respectively be measured on theeü andc
g
temperature Ñuctuation map and a galaxy survey. As a
result of the limited beam size of the bolometers, we cannot
hope to measure with a resolution better than a few arc-eü




length used to measure These two smoothing scales canc
g
.
be totally di†erent, and we will Ðnd later that the better
signal-to-noise ratio is obtained when they are equal. This
discussion is left aside for now, and we assume in the follow-




It is therefore reasonable to assume a Gaussian distribution



















exp ([VM~1V) , (14)











































tude between the CMB and the distant galaxies. Note that
the probability (eq. [14]) depends only on the relative orien-
tation between c and since we can choose any origin forc
g
,
the orientations. Figure 1 shows (for " cold dark matter)





for an LCDM model for a galaxy source plane at z \ 1 ; r is given as a





right correspond to a Ðxed beam size of 5@, and 10@. The strongerh
0
CMB 2@.5,
correlation is obtained when is comparable to the CMB beam size.h
0
the correlation function r for a Ðxed as a function ofh
0
CMB
The moments of the convergence are calculated usingh
0
.
the perturbation theory and the nonlinear evolution of the
power spectrum given by Peacock & Dodds (1996). It is
interesting to note in this Ðgure that the maximum corre-





With a formal calculator, equation (13) can be integrated


























This equation constitutes the main result of this paper. It
shows how much the relative orientation of the CMB ellip-
ticity with the distant galaxies deviates from a random dis-
tribution because of the gravitational lensing e†ect.
Figure 2 shows the amplitude of this e†ect for di†erent
cosmological models and di†erent smoothing scales. We
assumed a CDM power spectrum, taking into account its
nonlinear evolution as described by Peacock & Dodds
(1996). The deviation from a uniform distribution can be as
large as 10%, and the e†ect seems mostly sensitive to the
curvature of the universe rather than or ". A possible)
M

















If the CMB ellipticities are signiÐcantly aligned with the
distant galaxies, then should be signiÐcantly largerScos h
g
T
than zero. Some values of are given in Table 1 forScos h
g
T
various cosmological models and smoothing schemes.
4. SIGNAL-TO-NOISE ANALYSIS
4.1. Description
In order to compute the signal-to-noise ratio of the quan-
tity given by equation (17), let us assume that we have at our
disposal a CMB temperature map and a shear map of
distant galaxies of angular area S. An estimator E of
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FIG. 2.ÈProbability distribution function of the relative orientation h
g
between the CMB ellipticity and the sheared distant galaxies (eq. [16]).
The beam size is for the upper plot and for the lowerh
0
CMB \ 2@.5 h
0
CMB \ 10@
plot, and the smoothing lengths of the convergence are respectivelyi
g










" \ 0, the triple dotÈdashed line for " \ 0.7,p
8















































The Ðrst term accounts for the variance resulting from the
random intrinsic orientation of the ellipticities. The second
term is the contribution of the cosmic variance. N can be
either the number of individual galaxies or the number of
cells in which the galaxy ellipticities are averaged. In any
case, for S large enough, it is reasonable to take N ] O,3
for which only the cosmic variance term matters. Therefore,

































the temperature correlation function and on the con-
vergence correlation function, and it has to be calculated














The calculations are simpliÐed if we assume that the tem-
perature Ñuctuations are unlensed and uncorrelated with
the orientation of the galaxies. This will give, by construc-
tion, the signal-to-noise ratio of the CMB-lens positive
detection against the hypothesis of no lensing on CMB. In
that case, the lensing and the CMB distribution functions































Using equation (3), it is then possible to reexpress the latter














































here the correlation coefficient is deÐned as the temperature










































































































































3 For example, for a 900 deg2 survey there are N ^ 9 ] 107 objects with
I \ 24 mag.
TABLE 1






T(h \ 5@) h \ 2@.5 h \ 5@ h \ 10@
Standard CDM (900 deg2) . . . . . . 0.057 8.3 5.4 3.3
"CDM (900 deg2) . . . . . . . . . . . . . . . 0.054 10.7 6.7 3.9
Open CDM (900 deg2) . . . . . . . . . 0.040 7.5 4.4 2.3
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are small compared to unity (then we can expand the dis-





well-justiÐed approximation for large surveys such as those
discussed here (for which the c coefficients are at percent
level). After a straightforward manipulation (that can easily





























3 ] É É É ) . (25)






























which has to be integrated over the survey size in order to
give the desired result (eq. [20]).
4.3. T emperature and Convergence Correlation Functions
In order to estimate expression (2), one needs the tem-
perature and the convergence correlation functions.
The temperature correlation function can be evaluated
from the angular CMB power spectrum given by theC
l
CMBFAST code (Seljak & Zaldarriaga 1996). However, we
have to include the beam-size e†ect (which tends to enlarge
the temperature correlation function and therefore to
increase the noise) and to correct for the instrumental noise.
This can be achieved by a suitable Wiener Ðltering of the


























^ 2 ] 10~17
experiments like MAP and Planck is the noise variance(p
pix
2




expressed in terms of sr. The correlation function is(*
T
/T )2




















[cos a] , (28)





The convergence correlation function is calculated as
in ° 3, using the perturbation theory with the nonlinear
power spectrum evolution (Peacock & Dodds 1996).
4.4. Results
We then performed a numerical integration of equation
(26) for standard CDM, open CDM, and "CDM cosmo-
logical models. The signal-to-noise ratio is given in Table 1
for di†erent cosmologies and smoothing lengths. The
survey size is assumed to be 900 deg2. The signal-to-noise
ratio scales roughly as the square root of the area for larger
FIG. 3.ÈSignal-to-noise ratio of as a function of the con-Scos h
g
T
vergence smoothing scale The CMB and the galaxy surveys both have ah
0
.
size of 900 deg2. The cosmological models are standard CDM (dashed line),
open CDM (dotted line) and "CDM (solid lines). The beam size is always
except for the thick line ("CDM, beam \ 5@) and the very thick line2@.5
("CDM, beam \ 10@).
surveys. A very good signal-to-noise ratio (D9) can be
obtained at small smoothing scale ; however, even in the
large smoothing scale case a signiÐcant detection can be
obtained. This result contrasts with previous analysis of
lensing on the CMB where these typical signal-to-noise
ratios were obtained with a whole sky survey.
Figure 3 shows how the signal-to-noise evolves with h
0
for di†erent values of the beam size The maximumh
0
CMB.





is a consequence that at small scales the sheared galaxies
behave essentially like a noise for the lensed temperature
Ñuctuations, and at large scale the signal is smoothed away.
5. EFFECTS OF SECONDARY ANISOTROPIES
Undoubtedly, secondary anisotropies and foregrounds
can a†ect our conclusions and should be examined in detail.
They may a†ect our calculations in three di†erent ways :
Ðrst, some CMB Ñuctuations might be generated at low
redshift and the assumption that the source plane is located
at breaks down; secondary anisotropies arez
source
^ 1000
correlated with low-redshift mass concentrations that might
introduce spurious correlations between CMB ellipticities
and galaxy shear ; galactic foregrounds can change our esti-
mation of the cosmic variance. We compare in the next
paragraphs the importance of various secondary e†ects.
5.1. T he T hermal Sunyaev-Zeldovich (T SZ) E†ect
The TSZ e†ect is the most important source of secondary
anisotropies. It corresponds to the scattering of CMB
photons on electrons of the hot cluster gas. During the
scattering, the photon energy is redistributed from the low-
frequency to the high-frequency part of the blackbody
energy distribution. The net e†ect is a deÐcit of photons at
low frequency (resp. an excess at high frequency), which
creates a negative (resp. positive) Ñuctuation in the CMB
map. Such Ñuctuations, essentially centered on clusters of
galaxies (where the gas is hot enough), creates a speciÐc
ellipticity pattern, correlated with the gravitational shear
generated by those clusters. Therefore the ensemble average
(eq. [17]) is not expected to vanish, even in theScos h
g
T
absence of gravitational lensing. The importance of this
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contribution depends on the amplitude and the extension of
TSZ, and it is beyond the scope of this paper to perform an
exact calculation. However, we know that the amplitude of
TSZ is proportional to the gas temperature, which is impor-
tant in the inner part of galaxy clusters only, at scales 1@È
2@(see Perci et al. 1995, where the TSZ is calculated). TSZ
coming from larger scales (Ðlaments, for instance) do not
have a signiÐcant contribution (Tegmark et al. 1999). There-
fore, if the CMB is observed at a resolution of 5@ or larger,
TSZ should not be a problem. For smaller scales it can
become difficult to disentangle between the lensing e†ect
and the ellipticity-shear correlation generated by TSZ.
However, we should emphasize that it is always possible to
suppress this e†ect by either observing at 217 GHz (for
which TSZ vanishes) or by cleaning TSZ taking advantage
of its speciÐc spectral signature.
5.2. Kinetic Sunyaev-Zeldovich (KSZ) and Ostriker &
V ishniac (OV ) E†ects
Although these e†ects are sometime discussed separately
in the literature, they have the same physical origin : this is a
Doppler e†ect caused by the electron bulk motion. OV is a
perturbative e†ect, while KSZ is a nonlinear e†ect which
can be important in the inner part of the clusters. OV is
negligible at scales larger than 3@, but its contribution
increases quickly with decreasing scale, and equals the
primary spectrum at 2@ (Hu & White 1996). The KSZ e†ect
provides a signiÐcant increase of the OV only for scales
smaller than 2@ (Hu 1999). Therefore, as long as we work at
scales larger than 2@È3@, KSZ and OV are not important for
our purpose. At smaller scales it becomes essential to esti-
mate their contribution to Scos h
g
T.
5.3. Integrated Sachs-W olfe (ISW ) and Rees-Sciama (RS)
E†ects
ISW and RS e†ects describe the frequency shift of a CMB
photon when it crosses a time-evolving gravitational poten-
tial well. The induced Ñuctuations are pure gravitational
e†ects. The Ðrst-order ISW occurs only for universes di†er-
ent from () \ 1, " \ 0) because for the Ñat ) \ 1 universe
the growth rate of structures is compensated by the universe
expansion. However, there is always a nonlinear ISW due
to the time-evolving potential of nonlinear collapsing struc-
tures, which occurs in all cosmologies (the RS e†ect). The
amplitude of RS was computed by Seljak (1996), who found
a very small contribution for l \ 4000. It is therefore irrele-
vant for our purpose.
5.4. Galactic Foregrounds and Point Sources
Bouchet & Gispert (1999) (see also Tegmark et al. 1999)
calculated the power spectrum contribution of Galactic
foreground and extragalactic point sources. The Galactic
foreground contamination is dominant only at very large
scales (l \ 10), but the point source spectra might become
important for l [ 1000. Fortunately the clustering proper-
ties of the point sources do not play a signiÐcant role
(To†olatti et al. 1998), therefore their contribution is essen-
tially white noise, which makes their removal possible, as
long as we have a good model for them (Guiderdoni 1999).
6. CONCLUSION
We have computed the amplitude of the correlation
between the lensed CMB ellipticities and the lensed galaxy
ellipticities to the leading order of perturbation theory. We
found that the modulation of the relative angle distribution
can be as high as 10% for a smoothing scale of and 5%2@.5
for 10@. This lensing e†ect extends to scales well beyond the
anisotropies generated by the foreground contamination,
and therefore it should be easily detectable with a low-
resolution experiment provided that the survey is large
enough. In particular, future wide galaxy surveys (SLOAN)
used jointly with all sky CMB experiments (MAP, Planck)
are very promising for the measurement of such a lens e†ect.
A sky coverage of only 30% will improve the signal-to-noise
ratio by a factor of 4 over those given in Table 1. At scales
larger than a few arcminutes, any detected correlation
between the CMB ellipticities and the shear of the distant
galaxies can only be produced by lensing (since the fore-
ground contribution is too weak) ; this does not depend on
whether the CMB is intrinsically Gaussian or not (although
we used the Gaussian approximation for the calculations).
At the arcminute scale and below, the secondary Ñuctua-
tion become important, and the contribution of each fore-
ground should be carefully estimated. Moreover, at such
small scales, the CMB and shear Ðelds cannot be approx-
imated by a Gaussian Ðeld, and one might go beyond by
considering a weakly non-Gaussian distribution like the
Edgeworth expansion.
The computation of the signal-to-noise ratio were made
in a simpliÐed way. In particular, we assumed that the
smoothing for i takes most of the e†ects associatedh
0
CMB
with the beam smoothing, which we believe should be a
good approximation as long as the ellipticity orientations
only are concerned. We plan to check this aspect in numeri-
cal simulations.
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We explore the possibility of using B-type polarization of the cosmic microwave background to map the
large-scale structures of the Universe taking advantage of the lens effects on the CMB polarization. The
functional relation between the B component with the primordial CMB polarization and the line-of-sight mass
distribution is explicated. Noting that a sizable fraction ~at least 40%! of the dark halo population which is
responsible for this effect can also be detected in a galaxy weak lensing survey, we present statistical quantities
that should exhibit a strong sensitivity to this overlapping. We stress that it would be a sound test of the
gravitational instability picture, independent of many systematic effects that may hamper lensing detection in
CMB or a galaxy survey alone. Moreover, we estimate the intrinsic cosmic variance of the amplitude of this
effect to be less than 8% for a 100 deg2 survey with a 108 CMB beam. Its measurement would then provide
us with an original means for constraining the cosmological parameters, more particularly, as it turns out, the
cosmological constant L .
DOI: 10.1103/PhysRevD.63.043501 PACS number~s!: 98.80.Es, 98.35.Ce, 98.62.Sb, 98.70.Vc
I. INTRODUCTION
In the new era of precision cosmology we are entering,
forthcoming experiments will provide us with accurate data
on cosmic microwave background ~CMB! anisotropies @1#.
This should lead to accurate determinations of the cosmo-
logical parameters, provided the large-scale structures of the
Universe indeed formed from gravitational instabilities of
initial adiabatic scalar perturbations. It was quickly realized,
however, that even with the most precise experiments, the
cosmological parameter space is degenerate when the pri-
mary CMB anisotropies alone are considered @2#. Comple-
mentary data that may be subject to more uncontrollable sys-
tematics are thus required, such as supernova surveys @3#
~but see @4#! or constraints derived from the large-scale struc-
ture properties. Among the latter, weak lensing surveys are
probably the safer @5#, but still have not yet proved to be
accurate enough with present day observations.
Secondary CMB anisotropies ~i.e., induced by a subse-
quent interaction of the photons with the mass or matter
fluctuations! offer opportunities for raising this degeneracy.
Lens effects @6# are particularly attractive since they are ex-
pected to be one of the most important. They also are en-
tirely driven by the properties of dark matter fluctuations, the
physics of which involves only gravitational dynamics, and
are therefore totally controlled by the cosmological param-
eters and not by details of galaxy or star formation rates.
More importantly an unambiguous detection of lens effects
on CMB maps would be a precious confirmation of the
gravitational instability picture. Methods to detect lens ef-
fects on CMB maps have been proposed recently. High-order
correlation functions @7#, peak ellipticities @8#, or large-scale
lens-induced correlators @9,10# have been proposed for de-
tecting such effects. All of them are, however, very sensitive
to cosmic variance since lens effects are only a subdominant
alteration of the CMB temperature patterns. The situation is
different when one considers polarization properties. The
reason is that in standard cosmological models temperature
fluctuations at a small scale are dominated by scalar pertur-
bations. Therefore the pseudoscalar part, the so-called B
component, of the polarization is negligible compared to its
scalar part ~the E component! and can only be significant
when CMB lens couplings are present. This mechanism was
recognized in earlier papers @11,12,10#. The aim of this paper
is to study systematically the properties of the lens-induced B
field and uncover its properties.
In Sec. II, we perturbatively compute the lens effect on
the CMB polarization E and B fields. This first order equa-
tion is illustrated by numerical experiments. The possibility
of direct reconstruction of the projected mass distribution is
also examined. As has already been noted a significant frac-
tion of the potential wells that deflect the CMB photons can
actually be mapped in local weak lensing surveys @13,14#.
This feature has been considered so far in relation to the
CMB temperature fluctuations. We extend in Sec. III these
studies to the CMB polarization, exploiting the specificities
of the field found in the previous section. In particular we
propose two quantities that can be built from weak lensing
and cosmic microwave background polarization surveys, the
average value of which does not vanish in presence of CMB
lens effects. Compared to a direct analysis of the CMB po-
larization, such tools have the joint advantage of being less
sensitive to systematics—systematic errors coming from
CMB mapping on the one hand and weak lensing measure-
ment on the other have no reason to correlate—and so
emerge even in presence of noisy data and of being an effi-
cient probe of the cosmological constant. Indeed the ex-
pected amplitude of correlation is directly sensitive to the
relative length of the optical bench, from the galaxy source
plane to the CMB plane, which is mainly sensitive to the
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cosmological constant. Filtering effects and cosmic variance
estimation of such quantities are considered in this section as
well.
II. LENS EFFECTS ON CMB POLARIZATION
A. First order effect
Photons emerging from the last scattering surface are de-
flected by the large-scale structures of the Universe that are
present on the lines of sight. Therefore photons observed
from the apparent direction aW must have left the last scatter-
ing surface from a slightly different direction, aW 1jW (aW ),
where jW is the lens-induced apparent displacement at that
distance. The displacement field is related to the angular gra-








,i~aW ,z !, ~1!
where F
,i is the angular gradient of the gravitational poten-
tial in the direction orthogonal to the line of sight, D is the
angular distance, and zs is the source plane. In the following,
the lens effect will be described by the deformation effects it



























All these fields can be written in terms of the second order
derivatives of the projected potential. The lens effect affects
the local polarization just by moving the apparent direction
of the line of sight @16#. Thus, if we use the Stokes param-
eters Q and U to describe the local polarization vector
PW 5SQU D ,
we can relate the observed polarization PWˆ to the primordial
one by the relation
Qˆ ~aW !5Q~aW 1jW !, Uˆ ~aW !5U~aW 1jW !. ~4!
From now on we will denote xˆ an observed quantity and x
the primordial one. Since aW 85aW 1jW is the sky coordinate
system for the observer, the amplification matrix A is also
the Jacobian of the transformation between the source plane
and the image plane. We will restrain here our computation
to the weak lensing effect, so the observed quantity will not
take into account any other secondary effect. It is very im-
portant at this point to note that the lensing effect does not
produce any polarization or rotate the Stokes parameters. In
this regime its effect reduces to a simple deformation of the
polarization patterns, similar to the temperature maps. This is
the mechanism by which the geometrical properties of the
polarization field are changed.
To see that we have to consider the electric (E) and mag-
netic (B) components instead of the Stokes parameters. At
small angular scales ~we assume that a small fraction of the










where D21 refers here to the inverse of the Laplacian opera-
tor. These fields reflect the nonlocal geometrical properties
of the polarization field. The electric component accounts for
the scalar part of the polarization, and the magnetic one, the
pseudoscalar part: by parity change E is conserved, whereas
the B sign is changed. As has been pointed out in previous
papers @11,12,15#, lens effects partly redistribute the polar-
ization power in these two fields.
We explicate this latter effect in the weak lensing regime
where the distortion, k and g i components are small. This is
indeed expected to be the case when lens effects by the
large-scale structures are considered, for which the typical
value of the convergence field k is expected to be ;2% at
the 108 scale. The leading order effect is obtained by simply
plugging Eq. ~4! into Eq. ~5! and by expanding the result at
leading order in j , k , and g . Noting that, for any field X that
is affected by the lensing effect ~these calculations are very
similar to those done in @14#!,

















we can write a perturbation description of the lensing effect
on electric and magnetic components of the polarization. At
leading order one obtains
DEˆ 5DE1j i] iDE22kDE22d i j~g iDP j1g ,k
i P j ,k!
1O~g2!,
DBˆ 5DB1j i] iDB22kDB22e i j~g iDP j1g ,k
i P j ,k!
1O~g2!, ~7!
where we used the fact that DXˆ 5DX1j i] iDX at the leading
order. The formulas for E and B are alike. The only differ-
ence is in the d i j and e i j ~the latter is the totally antisymmet-
ric tensor, e115e2250, e1252e2151), which reflect the
geometrical properties of the two fields. The first three terms
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of each of these equations represent the naive effect: the
lens-induced deformation of the E or B field. This effect is
complemented by an enhancement effect ~respectively, kDE
and kDB) and by shear-polarization mixing terms. The latter
effects consist of two parts: one, which we will call the D
term, that couples the shear with the second derivative of the
polarization field and the other one, hereafter the ¹ term, that
mixes the gradient of the shear and polarization. In our pre-
vious work @14#, terms similar to ¹ ~i.e., in the gradient of
the lens effect! had been neglected since they had a null
contribution to the correlation coefficient we computed. This
is no longer true here; we will indeed show later that D and
¹ terms have similar amplitudes.
One consequence of standard inflationary models on
CMB anisotropies is the unbalanced distribution of power
between the electric (E) and magnetic (B) components of its
polarization. Adiabatic scalar fluctuations do not induce
B-type polarization and they dominate at small scales over
tensor perturbations ~namely, the gravity waves!. So even
though gravity waves induce E- and B-type polarizations in a
similar amount, the primary CMB sky is expected to be com-
pletely dominated by E-type polarization at small scales.
Then for this class of models the actual magnetic component
of the polarization field is generated by the corrective part of
Eq. ~7!:
DBˆ 522e i j~g iDPˆ j1g ,k
i Pˆ j ,k!. ~8!
This result extends the direct lens effects described in Bena-
bed and Bernardeau @12# who focused their analysis on the
lens effect due to the discontinuity of the polarization field in
case of cosmic strings. Previous studies of the weak lensing
effect on the CMB showed that with lensing, the B compo-
nent becomes important at small scales @17#. We obtain here
the same result but with a different method. Equation ~8!
means that the polarization signal P is redistributed by the
lensing effect in a way that breaks the geometrical properties
of the primordial field. Note here that it is mathematically
possible to build a shear field that preserves these geometri-
cal properties and that does not create any B signal at small
scales. We will discuss this problem in Sec. II C. It also
means that B directly reflects the properties of the shear map.
We will take advantage of this feature to probe the correla-
tion properties of B with the projected mass distribution in
the next sections.
B. Lens-induced B maps
We show examples of lens-induced B maps. These maps
have been calculated using ‘‘CMBSLOW’’ code developed by
Riazuelo ~see @18#! to compute primordial polarization maps
@we use realizations of standard cold dark matter ~CDM!
model to illustrate lens effects#. Then various shear maps are
applied. We present both true distortions ~obtained by De-
launay triangulation1 used to shear the Q and U fields! and
the first order calculations given by Eq. ~8!.
Figure 1 presents the shear effect induced by an isother-
mal sphere with finite core radius ~and the lens edges have
been suppressed by an exponential cutoff to minimize nu-
merical noise!. The agreement between true distortion ~cen-
tral panel! and the first order formula ~right panel! is good.
However, a close examination of the maps reveals that some
structures in the true map are slightly wider than their coun-
terparts in the first order map. This error is more severe in
the center, where the distortion is bigger, which is to be
expected since the limits of the validity region of first order
calculations are reached.
For illustration sake, Fig. 2 shows the B field induced by
a realistic distortion. We use second order Lagrangian dy-
namics @19# to create a 2.532.5 deg map that mimics a
realistic projected mass density up to z51000 and used its
gravitational distortion to compute a typical weak lensing-
induced B map. Again we compare the exact effect ~i.e., the
left panel where Delaunay triangulation is used! and the first
order formula ~middle panel!. The right panel shows the dif-
1To perform the exact lensing effect on a CMB map, we compute
the displacement field and the polarization fields on regular grids.
Then the CMB grid is deformed according to Eq. ~4! to shear the
grid containing the CMB data. The resulting polarization fields are
remapped onto a regular grid using Delaunay triangulation, which
provides us with an efficient algorithm to interpolate irregularly
sampled data on a discreet grid. The result is accurate down to the
grid size.
FIG. 1. Lens effect induced by a large isothermal sphere with finite core radius. The k map of the lens is shown on left panel. The
primordial E sky is presented in the middle left panel. It has been generated for a V050.3, L50.7 model, without tensor modes. The middle
right panel displays the true reconstructed DBˆ field in a 4.534.5 deg map and the right panel shows the first order approximation. Note that
the rosettelike shape the eye seems to catch in B fields is a numerical coincidence and has no special significance.
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ference between the two maps. It reveals the locations where
the two significantly disagree. In fact most disagreements are
due to a slight mismatch of the B patch positions, which lead
to dipolelike effects in this map.
We also show here a comparison of the two parts of the
first order formula, Eq. ~8!, in order to see which of the D or
¹ terms dominates. It would be more comfortable if one of
the two terms were dominant; however, Fig. 3 shows that it
is not the case. Even if the D term dominates at low
(,1000) l , it is only twice bigger than the ¹ one at this
scale. The inverse is true for higher ~3000–5000! l’s. This
can be seen by looking at Fig. 4 where we show the relative
amplitudes of the D and ¹ contributions. The D part gives
birth to large patches ~around 108) while the ¹ panel shows
a lot more small features. Details of this calculations are
given in the Appendix.
C. Direct reconstruction: The Kernel problem
The fact that the observable B is at leading order propor-
tional to the weak lensing signal invites us to try a direct
reconstruction, similar to the lensing mass reconstruction. In
fact, we can write
DBˆ 522e i j~g iDPˆ j1g ,k
i Pˆ j ,k![F@g# ~9!
and our reconstruction problem becomes an inversion prob-
lem for the operator F. Unfortunately, one can prove that this
problem has no unique solution. It is due to the fact that F
admits a huge kernel, in the sense that, given a polarization
map, there is a wide class of shear fields that will conserve a
null B polarization. The demonstration of this property is
sketched in the following.
Since the unlensed polarization is only electric in our ap-
















2!c , g25]x]yc . ~11!
Thus we need to know, for a given w field, whether there is
any c that satisfies the equation
g2DQ2g1DU1] ig2] iQ2] ig1] iU50. ~12!








Using Eqs. ~13! in Eq. ~12! we are left with a new polyno-
mial whose coefficients c i j are sums of anl3bmk and have to
be all put to zero. With the coefficient equations in hand, it is
easy to prove that assuming all the bmk coefficients up to
m1k5N are known and writing the equations ; i1 j
5(N11)23, c i j50, we can compute out of all the anl all
but three bmk with m1k5N11. This is somewhat similar to
mass reconstruction problems from galaxy surveys where
one cannot avoid the mass sheet degeneracy. The situation is,
however, worse in our case since not only constant conver-
FIG. 2. The effect of a realistic weak lensing field on B. 2.232.2 deg survey with 1.88 resolution. The left panel shows exact distortion
obtained by Delaunay triangulation, the middle one, the first order formula result, and the right gives the difference between the two. The
three panels share the same color table. The mean amplitude in the difference map is about 3 times smaller.
FIG. 3. The C l of DB ~solid line!, the D term ~dashed line!, and
the ¹ term ~dot-dashed line!. The D part is dominant at small l’s,
around l51000, that is to say, for structures around 108. The ¹
contribution gives birth to smaller structures in the 1–2 arc min
range. The C l curve is in good agreement with results presented
previously in the literature @11,15#.
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gence but also translations and a whole class of ank
realization-dependent complex deformations are indiscern-
ible. Thus, with only knowledge of the B component of the
polarization, one cannot, with the first order equation ~8!,
recover the projected mass distribution.
It is worth noting here that this calculation is not in con-
tradiction with the Guzik-Seljak-Zaldarriaga results @10#. In
their paper they show that using different statistics, based on
polarization measurements, they are able to reconstruct the
lens power spectrum of the large-scale structure. Moreover,
this reconstruction is hampered by noise induced by the au-
tocorrelation of the cosmic microwave background struc-
tures. This noise is strongly related to the kernel problem
addressed here. They can choose their statistic to reduce this
noise to an acceptable level in the power spectrum, yet they
cannot reconstruct a shear map.
III. CROSS-CORRELATING CMB MAPS AND WEAK
LENSING SURVEYS
A. Motivation
Even with the most precise experiments it is clear that
clean detection of B components will be difficult to obtain.
The magnetic polarization amplitude induced with such a
mechanism is expected to be one order of magnitude below
the electric one @17#. Besides, even if we know that there is a
window on an angular scale where other secondary effects
will not interfere too much with the detection of the lens-
induced B @20#, little is known about removing the fore-
grounds @21# to obtain clean maps reconstruction algorithms
would require.
These considerations lead us to look for complementary
data sets to compare B with. Although the source plane for
weak lensing surveys @5# is much closer than for the lensed
CMB fluctuations, we expect to have a significant overlap-
ping region in the two redshift lens distributions, so that
weak lensing surveys can map a fair fraction of the line-of-
sight CMB lenses. Consequently, weak lensing surveys can
potentially provide us with shear maps correlated with B, but
which have different geometrical degeneracy, noise sources,
and systematics than the polarization field.
The correlation strength between the lensing effects at
two different redshifts can be evaluated. We define r as the






In a broad range of realistic cases ~see Table I!, r;40%. To
take advantage of this large overlapping we will consider the
quantity that cross-correlates the CMB B field and galaxy
surveys. Moreover, cross-correlation observations are ex-
pected to be insensitive to noises in weak lensing surveys
and in CMB polarization maps. This idea has already been
FIG. 4. The effect of the two terms of the perturbation formula. Top row, the lens effect is the sum of the lenses up to recombination.
Bottom row, we use the same line-of-sight mass fluctuations but only up to redshift unity; it represents our ‘‘local’’ lensing survey. The
convergence fields ~left panels! have been computed by slicing the z axis and summing up the lensing effect in each slice. Lens-lens coupling
~including departure from the Born approximation! terms have been neglected, which is consistent with our first order approximation. The
convergence in each slice has been created by using second order Lagrangian dynamics. The middle-left panels show the leading order
contribution, the middle right the D contribution, and the right the ¹ one. In this example, the correlation coefficient between the two
convergence maps, r, is equal to 0.48 at 1.88. The cross-correlation coefficient between the guess map ~f! and the real one ~b! is 0.47. It is
0.37 between the real ~b! and D ~g! maps and goes down to 0.16 for the real ~b! and ¹ ~h!.
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explored for temperature maps @14#. We extend this study
here taking advantage of the specific geometrical depen-
dences uncovered in the previous section.
B. Definition of bD and b¹
The magnetic component of the polarization in Eq. ~8!
appears to be built from a pure CMB part, which comes from
the primordial polarization, and a gravitational lensing part.
It is natural to define b in such a way that mimics the DBˆ




i Pˆ j ,k!
5e i j~ggal
i DP j1ggal,k
i P j ,k!1O~k2!. ~15!
In the following, we will label local lensing quantities, such
as what one can obtain from lensing reconstruction on galaxy
surveys, with a ‘‘gal’’ index. This new quantity can be
viewed as a guess for the CMB polarization B component if
lensing was turned on only in a redshift range matching the
depth of galaxy surveys. The correlation coefficient of this
guess with the true DB field, that is, ^DBˆ b& , is expected to
be quadratic both in P and in g and to be proportional to the
cross-coefficient r.
For convenience, and in order to keep the objects we ma-
nipulate as simple as possible, we will not exactly implement
this scheme, as it will lead to uneven angular derivative de-
grees in the two terms of resulting equations. We can, in-
stead, decompose the effect in the D and ¹ parts. These two
are not correlated, since their components do not share the
same degrees of angular derivation.2 Hence, we can play the
proposed game, considering the two terms of Eq. ~8! as if
they were two different fields, creating two guess quantities
that should correlate independently with the observed B field.




i DP j1O~k2! ~16!
which corresponds to the D term in Eq. ~8!. The amplitude of
the cross-correlation between DB and bD can easily be esti-
mated. At leading order, we have
^DBˆ bD&522e i jekl^gkggal
i &^DP lDP j&. ~17!
The corresponding ¹ correlation is
^DBˆ b¹&522e i jekl^]mgk]nggal
i &^]mP l]nP j& , ~18!
where we have defined
b¹[e i j]kggal
i ]kPˆ j. ~19!
Figure 4 shows numerical simulations presenting maps of
first order DBˆ , its D and ¹ contributions, and the corre-
sponding guess maps one can build with a low-z shear map.
The similarities between the top maps and the bottom maps
are not striking. Yet under close examination one can recog-
nize individual patterns shared between the maps. This is
confirmed by the computation of the correlation coefficient
between the maps, which shows significant overlapping, be-
tween 50% and 15%, depending the correlation and filtering
strategy. The calculations hereafter will evaluate the theoret-
ical correlation structure between maps given in Figs. 4b and
4g, 4h.
















where d(k) is the Fourier transform of the density contrast at
redshift z(x), w is the lens efficiency function, and fk
'
is
the position angle of the transverse wave vector k' in the
k'5(kx , ky) plane. Assuming a Dirac source distribution,







Note that the Fourier components d(k) include the density
time evolution. They are thus proportional to the growth fac-
tor in the linear theory. The time evolution of these compo-





D~x , lW ,kW !E˜ ~ l !d~k !G ♮
Ker~ lW ,kW'!, ~22!
with the integration element defined as
2Generically, a random field and its derivative at the same point
are not correlated.
TABLE I. Values of r, the cross-correlation between two source
planes (zgal and zcmb51100), for different models. The adopted
filter scale ~see Sec. III C for details! is 2 arc min for both the weak
lensing survey and cosmic microwave background observations.
Non-linear evolution of P(k) has been computed using the
Peacock-Dodds method @22#.
r coefficient zgal51 zgal52
EdS, linear 0.42 0.60
V50.3, L50.7, linear 0.31 0.50
V50.3, L50.7, nonlinear 0.40 0.59
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@it actually depends on the position of the source plane
through the efficiency function w(z)] and where ♮ stands for
either D or ¹ . The geometrical kernel G Ker is given by @us-
ing Eq. ~10!#
G D
Ker~ lW ,kW ![l2sin 2~fk2f l!, ~23!
G ¹
Ker~ lW ,kW ![lk cos~fk2f l!sin 2~fk2f l!. ~24!
This function contains all the geometrical structures of the D
and ¹ terms. We can write the same kind of equation for
DBˆ . Then, the cross-correlation is
^DBˆ b♮~aW !&522E
xgal
D~xgal , lWgal ,kW gal!
3ExcmbD~xcmb , lWcmb ,kW cmb!G ♮Ker~ lWgal ,kW gal!
3G ♮
Ker~ lWcmb ,kW cmb!^d~kW gal!d~kW cmb!&
3^E˜ ~ lWgal!E˜ ~ lWcmb!&. ~25!




^d~kW gal!d~kW cmb!&5P~k !dDirac~kW gal1kW cmb! ~27!
implies that, and after the radial components have been inte-
grated out,
xgal5xcmb5x . ~28!
We also define the CE(l) as the angular power spectrum of
the E field:








CE~ l !P~k !G ♮
Ker~ lW ,kW !2. ~30!






dx wgalwcmbE dkdl2~2p !2 kl





dx wgalwcmbE dkdl2~2p !2 k




W E !2&^¹W k•¹W kgal& , ~32!
implying that, ignoring filtering effects, we are able to mea-
sure directly the correlation between lensing effect at zcmb
and any zgal a weak lensing survey can access. Since DEˆ
5DE@11O(k)# , we get, for the D type quantity,
^DEˆ 2&5^DE2@11O~k !#2&5^DE2&@11O~^k2& !# .
~33!
The same holds for ¹ . We are then able to construct two




































We will see in Sec. III D that they behave very much alike.
This result is to be compared with the formula for ^cos(ug)&
established in @14# where the obtained quantity was going
like rA^k2& . These calculations, however, have neglected
the filtering effects that may significantly affect our conclu-
sions. These effects are investigated in next section.
C. Filtering effects
In above section we conduct our calculations assuming no
filtering. Obviously we have to take it into account. We will
show here that the results obtained in Sec. III B hold, in
certain limits, when filtering effects are included.
In the following, we consider, for simplicity, top-hat fil-
ters only. It is expected that other window functions will
show very similar behaviors so that this assumption does not
limit the scope of our results. Let us call W(k) the top-hat
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where J i is the ith J Bessel function, so that W5W1. Then,
if X(aW ) is the value of any quantity X at position aW on the
sky, its top-hat-filtered value can be computed as
X (u)~aW !5E d2k2pX˜ kW~ku !eikW•aW , ~39!
where X˜ is the X Fourier transform. In the following we will
denote X (u) the filtered quantity at scale u .
The tricky thing for ^DBˆ b♮& is that the CMB part and the
low-redshift weak lensing part are a priori filtered at differ-
ent scale. For DBˆ , which is a measured value, its pure CMB
part and its weak lensing part are filtered at the same scale u .
Hence, Bˆ reads
DBˆ ~aW !(u)522ExcmbD~x , lW ,kW !E˜ ~ l !d~k !@G DKer~ lW ,kW'!
1G D
Ker~ lW ,kW'!#W~ ukW'D1 lWuu !. ~40!
A contrario b♮ is a composite value. The CMB part is still
filtered at u whereas the weak lensing part ~which comes
from a weak lensing survey of galaxies! is filtered indepen-
dently at another scale which we denote ugal . It implies that
b♮~aW !(u)522ExgalD~x , lW ,kW !E˜ ~ l !d~k !G ♮Ker~ lW ,kW'!
3W~kDugal!W~ lu !. ~41!
Taking filtering into account, the cross-correlation coeffi-
cient becomes
^DBˆ (u)b♮(u ,ugal)&522E zgaldx wgalwcmbE d
2kd2l
~2p !4
3CE~ l !P~k !G ♮
Ker~ lW ,kW !W~kDugal!
3W~ lu !W~ ukWD1 lWuu !. ~42!
It can be shown ~from the summation theorems of the Bessel
functions! that
W1~ ukWD1 lWuu !52(
i51





It is then possible to break the W(ukWD1 lWuu) into a sum of
W i(kDu)W i(lu) with coefficients that depend on the geo-
metrical properties of our problem. Integrating over the geo-
metrical dependences of G ♮
Ker leaves us with only a few non-
vanishing terms in our sum,
E df sin2~2f ! sin~ if !
sin f 5H p i51 or i53,0 elsewhere, ~44!
for the D term, and






for the ¹ term. Each term can be computed exactly, and it
turns out that the terms built from W i , i.1, are always
negligible compared to the ones coming from W1. It implies
that we can safely ignore the W3 and W5 in both D and ¹
expressions; therefore it is reasonable to assume that
W(ukWD1 lWuu)5W(kDu)W(lu). It is expected that other
windows, in particular the Gaussian window function, share
similar properties. Then, taking into accounts the filtering
effects, the equations for the cross-correlations reduce to
^DBˆ (u)bD(u ,ugal)&52^DE (u)





2 &^¹k (u)¹kgal(ugal)&, ~47!
so that our correlation coefficients can be written,














The results obtained in Eqs. ~34!,~35! are thus still formally
valid. Actually, Eqs. ~48!,~49! simply tell us that filtering
effects can simply be assumed to act independently on the
lensing effects and on the primary cosmic microwave back-
ground maps. We are left with two quantities that only reflect
the line-of-sight overlapping effects of lensing distortions.
D. Sensitivity to the cosmic parameters
We quickly explore here the behavior of X♮ in different
sets of cosmological parameters. These quantities only de-
pend on weak lensing quantities. Ignoring the V0 depen-
dence in the angular distances and growing factor, one would
expect ^k2& to scale like V0
2
. Yet because of the growth
factor, the convergence field exhibits a weaker sensitivity to
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V0. Assuming L50 and a power law spectrum, we know
from @23# that ^kgal
2 &}V0
1.66 for zgal51. The same calculation
leads to ^kcmbkgal&}V0
1.68
, ^(¹kgal)2&}V01.91 , and ^¹W kcmb
•¹W kgal&}V0
1.915
. Then, in this limit, the quantities X♮ have a
very low dependence on V0:
X D}V0
0.02 and X ¹}V0
0.005
.
Eventually, the X♮ quantities should exhibit a sizable sen-
sitivity to L; changing L increases or reduces the size of the
optic bench and accordingly the overlapping between kcmb
and kgal .
Figures 5 and 6 present contour plots of the amplitude of
XD and X¹ in the (V0 ,L) plane for CDM models. They
show the predicted low V0 sensitivity and the expected L
dependence. Both figures are very alike. This is due to the
fact that the dominant features are contained in the efficiency
function dependences on the angular distances.
E. Cosmic variance
In previous sections we looked at the sensitivity of ob-
servable quantities which mixed galaxy weak lensing sur-
veys and CMB polarization detection. It is very unlikely that
both surveys will be able to cover, with good resolution and
low foreground contamination, a large fraction of the sky. It
seems, however, reasonable to expect to have at our disposal
patches of at least a few hundred square degrees. The issue
we address in this section is to estimate the cosmic variance
of such a detection in joint surveys in about 100 square de-
grees.
The computation of cosmic variance is a classical prob-
lem in cosmological observation @24#. A natural estimate for
an ensemble average ^X& is its geometrical average. If the












˜ ~kW !W~kJ !. ~51!
For the sake of simplicity this is what we use in the follow-
ing but we will see that the shape of the survey has no sig-
nificant consequences.
Taking X¯ as an estimate of ^X& ~the ensemble average of
X) leads to an error of the order of A^X¯ 2&2^X¯ &2which usu-
ally scales like 1/AS if the survey is large enough.
FIG. 5. ^k (u)kgal(ugal)&/^kgal(ugal)
2 & for a CDM model consistent
with the values of (V0 ,L). u5ugal528.
FIG. 6. ^¹W k (u)•¹W kgal(ugal)&/^(¹W kgal(ugal))2& for a CDM model.
u5ugal528.
FIG. 7. Diagrammatic representation of the terms contributing
to the cosmic variance of the correlation coefficients. In this repre-
sentation the vertex xd represents DBˆ ; the crosses stand for the DP
part, the circles for gcmb . The other vertex xo represents any b♮ ;
the open circles stand for ggal . The solid lines connect DP terms
and the dashed ones the g’s.
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When we are measuring X♮ on a small patch of sky, we
are apart from the statistical value by the same kind of error.
We can neglect the errors on ^DEˆ 2&, ^(¹Eˆ )2&, ^(¹kgal)2&
and ^kgal
2 &; those may not be the dominant source of the
discrepancy and can even be measured on wider and inde-
pendent samples. The biggest source of error is the measure
of ^DBˆ b♮&. It is given by
C♮5A^~DBˆ b♮2DBˆ b♮!2&2^DBˆ b♮2DBˆ b♮&2. ~52!
Computation of Eq. ~52! is made easier if we write explicitly
the geometrical average as a summation over N measurement






we then developed Eq. ~52!, and replaced the ensemble av-
erage of the summation sign by the geometrical average over
the survey size. We are left with a sum of correlators con-
taining eight fields taken at two, three, and four different
points. The calculations can be carried out analytically if we
assume that all our fields follow Gaussian statistics, which is
reasonable at the scale we are working on. In that case, in-
deed, we can take advantage of the Wick theorem to contract
each of the eight field correlators in products of two-point
correlation functions. By definition, Eq. ~52! contains only
connected correlators; moreover, the ensemble averages
^DBˆ & and ^b♮& vanish, and therefore only a small fraction of
correlators among all the possible combination of the eight
fields survive. We can use a simple diagrammatic represen-
tation to describe their geometrical shape. All the nonvanish-
ing terms in C♮ are given in Fig. 7. Each line between two
vertex represents a two-point correlation function such as
^X(aW 1)X(aW 2)&, and the different symbols at the vertex cor-
respond to different X fields ~the crosses stand for DP , the
solid circles for gcmb , and the open circles for ggal). The A
terms represent terms where the two top ~and the two bot-
tom! DB and b♮ are taken at the same point, but top and
bottom fields are not at the same place. The B terms are
three-point diagrams: the top DB and b♮ are at the same
point whereas the right and left bottom vertexes are at two
different locations. The C terms are four-point diagrams,
where each vertex is at a different point. To illustrate our
notation, let us write B2c
♮ as an example:
B2c
♮
5^gcmb~aW 1!ggal~aW 2!&^ggal~aW 3!gcmb~aW 1!&
3^DP~aW 1!DP~aW 1!&^DP~aW 2!DP~aW 3!&. ~54!
We only focus on the calculation of the A terms because
we can use the approximation that
A@B@C. ~55!
Indeed, in perturbative theory, if the survey is large enough,
the n-point correlation function naturally dominates over the
(n11) point correlation function. This is true as long as the
local variance is much bigger than the autocorrelation at sur-
vey scale and we assume the surveys are still large enough to
be in this case.
The general expression for any A diagram is
Ai
♮
54E cmbD~xcmb1 , lWcmb1 ,kW cmb1!D~xcmb2 , lWcmb2 ,kW cmb2!
3EgalD~xgal1 , lWgal1 ,kW gal1!D~xgal2 , lWgal2 ,kW gal2!G ♮Ker~ lWcmb1 ,kW cmb1
'
!G ♮
Ker~ lWcmb2 ,kW cmb2
'
!G ♮




Ker~ lWgal2 ,kW gal2
'
!Mi^kW iu lW j&W~ ukW cmb1
'

















where Mi gives the two-point correlations associated with the lines of the diagram. For example,
M15^d~kW gal1!d~kW cmb1!&^d~kW gal2!d~kW cmb2!&^E˜ ~ lgal1!E˜ ~ lgal2!&^E˜ ~ lcmb1!E˜ ~ lcmb2!&. ~57!
We explicate in the following the computation of A1
♮
. The other terms follow the same treatment or can be neglected. The
lines in the A1
♮ diagram give us the relations
kW cmb152kW gal15kW 1 , kW cmb252kW gal25kW 2 , lWcmb152 lWcmb25 lWcmb , lWgal152 lWgal25 lWgal . ~58!
Then, using these relations and the small angular approximation, we have










CE~ lgal!CE~ lcmb!P~k1!P~k2!G ♮
Ker~ lWcmb ,kW 1!
3G ♮
Ker~2 lWcmb ,kW 2!G ♮
Ker~ lWgal ,2kW 1!G ♮
Ker~2 lWgal ,2kW 2!W~ ukW 1D1 lWcmbuu !W~ ukW 2D1 lWcmbuu !
3W~k1Dugal!W~k2Dugal!W2~ lgalu !W2~ u lWgal1 lWcmbuJ !. ~59!
We apply the decomposition of W1„ukWD(x)1 lWuu… we used in Eq. ~43!. The geometry of our problem is the same and the result
~44! still holds for the terms in W1„ukW 1D(x1)1 lWcmbuu… and W1„ukW 2D(x2)1 lWcmbuu…. This, however, is not true for W12(u lWgal
1 lWcmbuJ) for which the application of the resummation theorem does not bring any simplification. Then, neglecting all W3









4 k1k2CE~ lgal!CE~ lcmb!P~k1!P~k2!
3W2~ u lWgal1 lWcmbuJ !cos22~f lcmb2f lgal!W~k1Dugal!W~k2Dugal!W
2~ lgalu !W~k1Du !W~k2Du !W2~ lcmbu !. ~60!
Note that for the evaluation of the ¹ part, using the same
kind of method, we obtain the same equation as Eq. ~60!
where lgal
4 lcmb





We can get rid of the remaining W2(u lWgal1 lWcmbuJ) with
another approximation. The power spectrum CE(l) favors
large values of l whereas W2(u lWgal1 lWcmbuJ) will be nonzero
for u lWgal1 lWcmbu;1/J . Then for a typical survey size of about
100 square degrees, u lWgal1 lWcmbu!l i and we can assume lWgal
;2 lWcmb and lWgal1 lWcmb5eW . In this limit, cos22(flcmb2f lgal)
51 and A1






2 ~ l !W4~ lu !E d2e2p l8W12~eJ !




which is essentially the cosmic variance of ^DE2& for the D
part and of ^(¹E)2& for the ¹ one @where l8 in Eq. ~61! is
replaced by l4k1
2k2







E dl l9CE2 ~ l !W14~ lu !
FE dl l5CE~ l !W12~ lu !G2
}cosmic variance of DE2, ~62!
where S5pJ2 in case of a disk-shaped survey. We show in
Fig. 8 numerical results for a 100 deg2 survey although the
numerical calculations were done with a Gaussian window
function instead of a top hat.








We expect that for the same reasons the A2
♮ terms will be
dominated by the weak lensing variance. Yet a correct evalu-
ation here is harder to reach. We have made this estimation
within the framework of a power law P(k). With this sim-
plification in hand, we can write, for A2n
♮ ~we focus only the
D part, but the same discussion holds for the ¹ observable!,
FIG. 8. Comparison between A2A1
D/signalD ~solid line! and
A2A1
¹/signal¹ ~dashed line!. The C l are from a V50.3, L50.7
model. The survey size is 100 deg2, and Gaussian filters were
used.















2~ ukW 11kW 2uJ !
FE d2kP~k !W1~ku !W1~kugal!G2
. ~64!
The last integral behaves essentially like the cosmic vari-
ance of ^k2&. More exactly, it goes like 1/A2 of this vari-
ance. It should even be smaller, because of the extra cos2
factor. We evaluated this cosmic variance using the ray-
tracing simulations described in @25#. These simulations pro-
vide us with realistic convergence maps ~for the cosmologi-
cal models we are interested in! with a resolution of 0.18,
and a survey size of 9 deg2. The sources have been put at a
redshift unity, and the ray lights are propagated through a
simulated Universe whose density field has been evolved
from an initial CDM power spectrum. The measured cosmic
variance of ^k (u)k (ugal)& is about 3% ~see Table II! when
filtered at scales ugal558 and u5108 for a V050.3 cosmol-
ogy.
An estimation of A2n


























There is no r dependence here; the diagram cross-correlates
kcmb and kgal .
We can approximate the remaining A terms. They should






















Then, only the A1
♮ and A2
♮ terms ~boxed in Fig. 7! contribute
substantially to the cosmic variance of X♮ . Since A1
♮ and A2
♮
are, respectively, the cosmic variance of ^DE2& ~respec-
tively, ^(¹W E)2&) and of ^k2& ~respectively, ^(¹W k)2&), we
can write the variance of X♮ as
CosVar~XD!5 CosVar~^DE2& !1S 11r22r2 D CosVar~^k2& !.
~68!
and
CosVar~X¹!5 CosVar„^~¹W E !2&…
1S 11r¹22r¹2 D CosVar„^~¹W k !2&…. ~69!
Table III presents numerical results for various filtering sce-
narios and models.
The two quantities bD and b¹ lead to similar cosmic vari-
ances that are rather small. Obviously it would be even better
to use b5bD1b¹ . For such a quantity the resulting cosmic
variance for the cross-correlation coefficient should even be
smaller, by a factor of A2, although a detailed analysis is
made complicated because of the complex correlation pat-
terns it contains.
TABLE II. Values of the cosmic variance of ^k2& and ^(¹W k)2&
for different models and different filtering radius. The size of the
survey is 100 deg2. For the V050.3 (V051) model, we use five
~seven! independent ray-tracing realizations ~see @25#! to estimate
the cosmic variance in a 9 deg2 survey, which is then rescaled to
the cosmic variance we should obtain for a 100 deg2 survey. Given
the low number of realizations, the values here can only be used as
a good estimation of the order of magnitude of CosVar(^k2&) and
CosVar(^(¹W k)2&). It also seems, from these figures, that the cos-
mic variance of ^(¹W k)2& is more degraded by the difference in
filtering beams than the other.
CosVar(^k2&) CosVar„^(¹W k)2&…
V050.3 V051 V050.3 V051
u558,ugal52.58 2.94% 1.86% 2.88% 2.07%
u558,ugal558 3.02% 1.87% 2.23% 1.75%
u5108,ugal558 3.54% 2.03% 4.25% 3.02%
TABLE III. Values of the cosmic variance of X♮ . The survey
size is 100 deg2. We used the results presented in Table II and Fig.
8. The r♮ parameters are assumed to be equal and set to 0.4. We did
not take into account the filtering effects in the definition of r. The
difference due to the filtering correction is small, though. From this
estimation, we can expect a cosmic variance for X♮ of less than
10% for realistic scenarios.
CosVar(XD) CosVar(X¹)
V050.3 V051 V050.3 V051
u558,ugal52.58 6.44% 4.77% 6.06% 4.72%
u558,ugal558 6.58% 4.79% 4.99% 4.23%
u5108,ugal558 8.71% 6.73% 9.49% 7.62%




We have computed a first order mapping that describes, in
real space, the weak lensing effects on the CMB polarization.
In particular we derived the explicit mathematical relation
between the primary CMB polarization and the shear field at
leading order in the lens effect. It demonstrates that a B
component of the polarization field can be induced by lens
couplings. We have shown, however, that the B map alone
cannot lead to a nonambiguous reconstruction of the pro-
jected mass map.
Nonetheless, the B component can potentially exhibit a
significant correlation signal with local weak lensing sur-
veys. This opens a new window for detecting lens effects on
CMB maps. In particular, and contrary to previous studies
involving the temperature maps alone, we found that such a
correlation can be measured with a rather high signal-to-
noise ratio even in surveys of rather modest size and resolu-
tion. Anticipating data sets that should be available in the
near future (100 deg2 survey, with 58 resolution for galaxy
survey and 108 Gaussian beam size for CMB polarization
detection!, we have obtained a cosmic variance around 8%.
Needless to say, this estimation does not take into account
systematics and possible foreground contaminations. It
shows anyway that cosmic microwave background polariza-
tion contains a precious window for studying the large-scale
mass distribution and consequently putting new constraints
on the cosmological parameters.
In this paper we have investigated specific quantities that
would be accessible to observations. They both would permit
one to put a constraint on the cosmological constant. The
simulated maps we presented here are only of illustrative
interest. We plan to complement this study with extensive
numerical experiments to validate our results ~in particular
on the cosmic variance! and explore the effect of realistic
ingredients we did not include in our simple analytical
framework: shear non-Gaussianity, lens-lens coupling, and
so forth.
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APPENDIX: POWER SPECTRUM OF DB AND THE D
AND ¹ TERMS
The aim of this appendix is to succinctly present the com-
putation of the power spectrum of DB and the different terms
that contribute to it as shown in Fig. 3. Unlike previous
literature on the subject @9,15# we do not need to compute
the second order development of the lens effect if we restrict
our computations to the power spectrum of the B field. The
reason why is that assuming that the primordial B polariza-
tion is null, the second order of the lens effect will have a
null contribution to the B power spectrum at leading order.
Using Eq. ~8!, we have
^DBˆ ~aW 1!DBˆ ~aW 2!&5^BD~aW 1!BD~aW 2!&1^B¹~aW 1!B¹~aW 2!&
1^BD~aW 1!B¹~aW 2!&
1^B¹~aW 1!BD~aW 2!&, ~A1!
where the B♮ are the D and ¹ parts of DB . Then, one can
calculate C l
DB











DD ~respectively, C l
¹¹) is the power spectrum of the
D term (¹ term! and C lD¹ is the cross-correlation at scale l of
the D and ¹ terms. The latter must sum up to zero, so that
^B¹BD&50. Using the notations of Sec. III, we have









CE~h !P¯ ~k !ei(k
W
1hW )•(aW 22aW 1)
3G ♮
Ker
~hW ,kW !G ♯
Ker
~hW ,kW !, ~A3!
where we have assumed that P¯ (k) take into account the line-





CE~h !P¯ ~ u lW2hW u!G ♮
Ker
~hW , lW2hW !G ♯
Ker
~hW , lW2hW !.




, and C l
DB obtained with these
equations.
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➷ ♠❨➱♠❒❵➬▲➴➆➴❭❦❉♥✡❒❝❐➛Ò➓➱❛❤❧❦✡Ñ✣❤→Ö✡➮❂➬▲➴❷ç➾è➃➬▲➴❝➷ ♠❨➱♠❒❵➬▲➴ ❐✩➱❛❤❮Õ ❦❋➱❵Ñ✣❤✺♠P✐→➬▲➴✽✐→➬❺➴❭❦❉♥✚❒❷❰➾❐✩➮✄❤→➴❵Ö✡➮❂➬✧➬❥♥✩Ý❈➬❥♥❂Ñ✽➱❵Ò▲➬▲➴➟Ñ✴♠P♥❂➴ ✐❩Û❛➬▲➴♠❐✳♠❋➷▲➬❺Ñ✩➬
✍✴❦❋➮✩➱❛❤→➬➓➱❷ç✩ô ♠❨➱❾➷s❦❉♥✚❒♠➱❵➬❖❰✣✐→➬▲➴❴➷ ♠❨➱♠❒❵➬▲➴✱♠▲ß✁♠P♥✡❒➐➴♠➮✩Ú✄❤➛➮✄♥❳➬➊Ü➏➬➓❒❿Ñ✩➬ ✐→➬❥♥✡❒❛❤♦✐♦✐→➬❖❰✽Õ❧ê➓Õ❧➬ ➬❥♥✩Ý❈➬❥♥❂Ñ✽➱❵Ò ❐✳♠❨➱❴➮✄♥❂➬ ➷ ♠❨➱♠❒❵➬ Ñ✩➬
















➴♠➮❂➷▲➷❥❤♦♥❂➷➓❒❵➬➓Õ❧➬❥♥✡❒❙➷s❦❋Õ❍Õ❧➬❥♥✡❒ ✐❩Û✒❦❉♥❧➴❛❤❮Õ❺➮✄✐→➬➐➬ ✓Ø➷ ♠❋➷▲➬➓Õ❧➬❥♥✚❒❙➮✄♥❧➬➊Ü➛➬➓❒●Ñ✩➬✮✐→➬❥♥✡❒❛❤♦✐♦✐→➬➐➴♠➮✩➱✹➮✄♥❂➬✮❤❮Õq♠❨Ý❈➬➐Ö✡➮❂➬❥✐→➷s❦❉♥❂Ö✚➮❂➬❖ç





✬✡➮✩❐✩❐■❦❖➴❭❦❉♥❂➴PÑ✄❦❉♥❂➷❍Ö✡➮❂➬✡♥✴❦❋➮❂➴★♠▲ß✇❦❉♥❂➴❺ã Ñ✣❤→➴❵❐❇❦❖➴❛❤❮❒❛❤❧❦❉♥✞✐→➬❦➷⑥✃✳♠❨Õ❍❐ Ð❈➬▲➷➓❒❭❦❋➱❛❤→➬❥✐❤Ñ✩➬❦Ñ✩Ò➓❐✄✐✺♠❋➷▲➬➓Õ❧➬❥♥✚❒✭❙ ♠P❤♦♥❂➴❛❤
Ö✡➮❂➬✟✐→➬❧➷❵✃✳♠❨Õ❍❐Ù❐✩➱❛❤❮Õ ❦❋➱❵Ñ✣❤✺♠P✐❵❏ ❰➃❐❇❦❋➮✩➱➟➮✄♥➋Ï♠➬➓➮ Ñ✩➬❍❐■❦❖➴❛❤❮❒❛❤❧❦❉♥❂➴➟❒t♠❨Ú✩➮✄✐→Ò▲➬▲➴❜❛✕❝❡❞✚❰➏❒♥ß❱❐✄❤→Ö✚➮❂➬➓Õ❧➬❥♥✡❒✧➮✄♥❂➬❍Ý❖➱❛❤♦✐♦✐→➬
❦❋➱♠❒♠✃✴❦❉♥✴❦❋➱♠Õ❧Ò▲➬❖ç ✑✿❦❋➮✩❒ ✐→➬➟❐✩➱❭❦❋Ú✄✐→â➓Õ❧➬❆➬▲➴♠❒❞Õq♠P❤♦♥✡❒❵➬❥♥✳♠P♥✚❒➟Ñ✩➬P❐■❦❋➮✩Ð✇❦❉❤❮➱❝Ò➓Ð✉♠P✐❮➮❂➬➓➱❢❏✮❐■❦❋➮✩➱ ✐→➬▲➴❞❐❇❦❖➴❛❤❮❒❛❤❧❦❉♥❂➴❣❝❤❘
❙✣❑❭❝✠◆➊ç ✴●♥❍➬➊Ü➏➬➓❒❷❰✐❆❨✐✡➬▲➴♠❒●♠❋➴❵➴❵➬❦❥❿❐➛➬➓➮✧❐✩➱❭❦❋Ú✳♠❨Ú✄✐→➬❾Ö✡➮❂➬❙➷▲➬➓❒♠❒❵➬❙❐❇❦❖➴❭❤❮❒❛❤❧❦❉♥❆➷s❦❋➱♠➱❵➬▲➴♠❐■❦❉♥❂Ñ✩➬❖❰❨❐❇❦❋➮✩➱✶❒❭❦❋➮✩❒❵➬▲➴ ✐→➬▲➴➧Ð❉♠P✐→➬➓➮✩➱❵➴
❐■❦❖➴❵➴❛❤❮Ú✄✐→➬▲➴✓Ñ✩➬❧❝ä❰❖ã③✐❩Û ➮✄♥❂➬❴Ñ✩➬▲➴✓❐■❦❖➴❛❤❮❒❛❤❧❦❉♥❂➴✶❒t♠❨Ú✩➮✄✐→Ò▲➬▲➴❷ç❋è✿♠ ➴❭❦❉✐❮➮✩❒❛❤❧❦❉♥❧➬▲➴♠❒✓Ñ✄❦❉♥❂➷❴Ñ✩➬❙➱❵➬▲➷s❦❋➮✩➱❛❤❮➱❤ã ✐❩Û ❤♦♥✚❒❵➬➓➱♠❐■❦❉✐✺♠❨❒❛❤❧❦❉♥
Ñ✽➮ ➷⑥✃✳♠❨Õ❍❐♠❏ ç
❆❨✐➐➬➊Ô✣❤→➴♠❒❵➬❳❐✄✐❮➮❂➴❛❤→➬➓➮✩➱❵➴❧➴♠❒♠➱t♠❨❒❵Ò➓Ý✉❤→➬▲➴❍❐■❦❋➮✩➱❍➱❵Ò ♠P✐♦❤→➴❵➬➓➱❧➷▲➬➓❒♠❒❵➬ ❤♦♥✡❒❵➬➓➱♠❐❇❦❉✐✺♠❨❒❛❤❧❦❉♥➃ç❙ô●✐❮➮❂➴❛❤→➬➓➮✩➱❵➴❍❒❵➬▲➷⑥✃✄♥✄❤→Ö✚➮❂➬▲➴ ➴❭❦❉♥✚❒
➬❥♥✡Ð ❤→➴t♠❨Ý❈➬ ♠❨Ú✄✐→➬▲➴❜ç❥è ♠Ø❐✄✐❮➮❂➴➆➷❥✐✺♠❋➴❵➴❭❤→Ö✚➮❂➬❺➬▲➴♠❒ ✐✺♠ØÕ❧Ò➓❒♠✃✴❦❱Ñ✩➬❆Ñ✣❤❮❒❵➬♦♥❦♣✿qsr❨ts✉✇✈②①☛✉✖♥❃③✚♣④♣ ☞⑤✬✡➮✩➱ ✐✺♠ØÝ❖➱❛❤♦✐♦✐→➬❖❰➛➷❵✃✳♠❋Ö✡➮❂➬❺❐■❦❉❤♦♥✚❒
⑥




è ♠❾Õ❧Ò➓❒♠✃✴❦❱Ñ✩➬❤Ö✡➮❂➬➏Ï▲Û❴♠P❤✚➷❵✃✴❦❉❤→➴❛❤→➬❙➬▲➴♠❒áÚ➛➬ ♠❨➮❂➷s❦❋➮✩❐✧❐✄✐❮➮❂➴á❐✩➱❵Ò▲➷❥❤→➴❵➬❖❰❷Õq♠P❤→➴ ♠❨➮❂➴❵➴❛❤✚Ú❥➬ ♠❨➮❂➷s❦❋➮✩❐❺❐✄✐❮➮❂➴áÝ✇❦❋➮✩➱♠Õq♠P♥❂Ñ✩➬








èá➬❍Ó♥Ú■❦❉♥✽×❍❐✳♠▲Ð✉♠❨Ý❈➬Ø❐✳♠❨➱❆Ñ✩➬▲➴✧❒♠➱❛❤✺♠P♥✩Ý✉✐→➬▲➴❷❰➧Ñ✴♠P♥❂➴★♥✴❦❋❒♠➱❵➬❳➷ ♠❋➴❷❰➏Ð✉♠Þê➓❒♠➱❵➬ ➷▲➬❥✐❮➮✄❤ à ❦❋➮✩➱❛♥✄❤ ❐✳♠❨➱✈✐✺♠➜❒♠➱❛❤✺♠P♥✩Ý❖➮✄✐✺♠ ☞





❞❦➴❭❦❉♥✡❒ ✐→➬▲➴ ➴❭❦❋Õ❍Õ❧➬➓❒❵➴➆Ñ✽➮➀❒♠➱❛❤✺♠P♥✩Ý✉✐→➬❆Ö✡➮✄❤✿✐→➬❆➷s❦❉♥✚❒❛❤→➬❥♥✡❒PÑ✴♠P♥❂➴ ✐✺♠❍❒♠➱❛❤✺♠P♥✩Ý❖➮✄✐✺♠❨❒❛❤❧❦❉♥
Ñ✩➬ ➘ ➬❥✐✺♠❨➮✄♥✳♠❷ß❈ç⑤❇ Û❛➬▲➴♠❒❆➷▲➬➓❒♠❒❵➬ØÑ✩➬➓➱❛♥✄❤→â➓➱❵➬Ø❐✩➱❭❦❋❐✩➱❛❤→Ò➓❒❵Ò Ö✡➮✄❤✸♥✴❦❋➮❂➴♣❤♦♥✡❒❵Ò➓➱❵➬▲➴❵➴❵➬Ø❐✳♠❨➱♠❒❛❤→➷➓➮✄✐♦❤→â➓➱❵➬➓Õ❧➬❥♥✚❒❷ç ✡ ❤♦♥❂➴❭❤❩❰➏❐❇❦❋➮✩➱
❒❭❦❋➮✩❒➐❐■❦❉❤♦♥✚❒❝Ñ✩➬✍✐✺♠❆Ý❖➱❛❤♦✐♦✐→➬♣❦❉♥ ➴t♠P❤❮❒➐Ñ✩Ò➓❒❵➬➓➱♠Õ✥❤♦♥❂➬➓➱ ✐→➬➆❐✄✐✺♠P♥Þ❐✳♠❋➴❵➴t♠P♥✡❒➐❐✳♠❨➱❞➴❵➬▲➴➐❒♠➱❭❦❉❤→➴❾❐✄✐❮➮❂➴❾❐✩➱❭❦❱➷❵✃❂➬▲➴➐Ð✇❦❉❤→➴❭❤♦♥❂➴❷ç
❆❨✐➏➬➊Ô✰❤→➴❵❒❵➬ Ñ✩➬✽♥✴❦❋Õ❺Ú✩➱❵➬➓➮✽ÔÞ➷s❦✡Ñ✩➬▲➴❾➷ ♠P✐→➷➓➮✄✐✺♠P♥✡❒❞Ñ✩➬❝à ♠s❻s❦❉♥➜❒♠➱❵â▲➴❾➬ ✓Ø➷ ♠❋➷▲➬✍✐✺♠❺❒♠➱❛❤✺♠P♥✩Ý❖➮✄✐✺♠❨❒❛❤❧❦❉♥➀Ñ✩➬ ➘➆➬❥✐✺♠❨➮✄♥✳♠❷ß✱❶
➷❖Û❛➬▲➴♠❒ ➮✄♥➀❐✩➱❭❦❋Ú✄✐→â➓Õ❧➬❆Ñ➏Û❴♠P✐❮Ý✇❦❋➱❛❤❮❒♠✃✩Õ✥❤→Ö✡➮❂➬❍➷❥✐✺♠❋➴❵➴❛❤→Ö✡➮❂➬❖ç✷❆❨✐➧➴❵➮✯✓❧❒ ➬❥♥❂➴♠➮✄❤❮❒❵➬❆Ñ✩➬❺➱❵➬➓❒♠➱❭❦❋➮✩Ð❈➬➓➱ ❐■❦❋➮✩➱➆➷❵✃✳♠❋Ö✡➮❂➬❺❐■❦❉❤♦♥✚❒
Ñ✩➬ ✐✺♠❺Ý❖➱❛❤♦✐♦✐→➬ ✐→➬ ❒♠➱❛❤✺♠P♥✩Ý✉✐→➬➆Ö✚➮✄❤❇✐→➬ ➷s❦❉♥✚❒❛❤→➬❥♥✚❒❷ç✷❇❿➬➓❒♠❒❵➬➆Ñ✩➬➓➱❛♥✄❤→â➓➱❵➬✽❦❋❐➛Ò➓➱t♠❨❒❛❤❧❦❉♥➋➬▲➴❵❒❙Ý❖➱t♠P♥❂Ñ✩➬➓Õ❧➬❥♥✡❒ ♠❋➷▲➷▲Ò❥✐→Ò➓➱❵Ò▲➬➆➴❛❤✚✐→➬▲➴
❐■❦❉❤♦♥✚❒❵➴●Ñ✩➬☞✐✺♠ Ý❖➱❛❤♦✐♦✐→➬❾➴❭❦❉♥✡❒✹Ñ✩➬▲➴✹➬❥♥✚❒❛❤→➬➓➱❵➴✣❶✇❦❉♥❦❐➛➬➓➮✩❒ ♠P✐❧❦❋➱❵➴✹Ñ✩Ò➓❒❵➬➓➱♠Õ✥❤♦♥❂➬➓➱●➱t♠❨❐✄❤→Ñ✩➬➓Õ❧➬❥♥✚❒❷❰✚❐❇❦❋➮✩➱✹➷⑥✃✳♠❋Ö✚➮❂➬❴❒♠➱❛❤✺♠P♥✩Ý✉✐→➬❖❰






























































èá➬❺❐✜✕❮➮❂➴❝Ý❖➱✸✗❖➴ ❐✩➱✸✗❋Ú✜✕→â➓Õ❧➬❦Ñ✩➬❙✑✮✗❋❒♠➱❵➬❦➴✣✎❮Õ❺➮✜✕✷✌❨❒✣✎✰✗✙✑➀Ð✟✌ ê➓❒♠➱❵➬❙✕→➬❆➷✛✌✏✕→➷➓➮✜✕✹Ñ✩➬❙✕❩Û❛➬➊Ü➏➬➓❒ Ñ✩➬✖✕→➬✓✑✚❒✣✎✒✕✒✕→➬❦➬✓✑✩Ý❈➬✓✑❂Ñ✽➱❵Ò
❐✔✌❨➱➐➮✜✑❂➬✧Ñ✫✎→➴♠❒♠➱✣✎❮Ú✩➮✩❒✣✎✰✗✙✑ Ñ✩➬➟Õ✯✌❨❒✣✎→â➓➱❵➬➟➱❵Ò✛✌✏✕✒✎→➴❵❒❵➬✢✕→➬✢✕✰✗✙✑✩ÝØÑ✩➬❁✕✷✌✶✕✒✎❮Ý✟✑❂➬✧Ñ✩➬➆Ð✴✎→➴❵Ò▲➬❖ç
❱✄✂P☎✄✂❊  ❚❆✑ ✟✥✑✎☎❱❯❴✟ ☞ ❩☛✡✌✗✥✑ ✡✌☞✠✑✩✘❦☎✿✡✪✡✌☞
è▲✌❦❐✩➱❵➬➓Õ❆✎→â➓➱❵➬P➷❵✃✮✗❖➴⑥➬PÖ✚➮✜✎➏Ð❲✎→➬✓✑✚❒❞ã❳✕❩Û❛➬▲➴❵❐✩➱✣✎❮❒❞➬▲➴♠❒➐Ñ✩➬➆➱❵➬➓❐✩➱✸✗❱Ñ✽➮✜✎❮➱❵➬P➷▲➬➟Ö✚➮❂➬❁✕❩Û✘✗✙✑❨✌❺à❀✌✏✎❮❒❩✌▲Ð❈➬▲➷✥✕→➬➟➱✚✌▲ß✧✗✙✑✜✑❂➬✒☞
Õ❧➬✓✑✡❒ Ñ✩➬➆à❀✗✙✑❂Ñ➏ç❍✬✴✎❬✕❩Û✘✗✙✑ä➷✤✗✙✑✜✑✔✌❪❭→❒✽✕→➬❺➴♠❐➛➬▲➷➓❒♠➱❵➬PÑ✩➬P❐✩➮✜✎→➴❵➴❫✌✏✑❂➷▲➬PÑ✩➬✥✕❩Û❛➬➊Ü➏➬➓❒❞Ñ✩➬✥✕→➬✓✑✡❒✣✎✒✕✒✕→➬❺➴❵➮✩➱❩✕→➬➟➱✚✌▲ß✧✗✙✑✜✑❂➬➓Õ❧➬✓✑✡❒






❛ ❑❀❞❲♠✠❑■✐✦◆❫♥✣✐ ◆❃❄ ✻✽✼✽ç ♦✙❀
❆✩✕✱➴♠➮✫✪❧❒❿Ñ✜✗✙✑❂➷❞Ñ✩➬❞➴⑥➬➐Ñ✜✗✙✑✜✑❂➬➓➱❤➮✜✑❂➬❝➬➊Ô❱❐✩➱❵➬▲➴❵➴✸✎✰✗✙✑❧❐✵✗❋➮✩➱✦✕→➬❞➴♠❐➛➬▲➷➓❒♠➱❵➬➐Ñ✩➬❞❐✩➮✜✎→➴❵➴✚✌✏✑❂➷▲➬❞Ñ✽➮ ➷✤✗✙✑✚❒♠➱✚✌❋➴♠❒❵➬ Ñ✩➬❞Ñ✩➬✓✑❂➴✣✎❮❒❵Ò











❱✄✂P☎✄✂✤❲ ✄ ☎✿✝✠✟✷✡ ✗✙✘✚☎✛✔✒✑ ✝✠✟☛✡ ✘✚☎✬②❃❩☛✡✌✗s✑✙✑
❈✳✑③✑❂➬ Ð❈➬➓➮✩❒❾❐✜✕❮➮❂➴❴Õ✯✌✏✎✒✑✡❒❵➬✓✑✔✌✏✑✚❒❞❒♠➱✚✌❷Ð✙✌✏✎✒✕✒✕→➬➓➱q✌▲Ð❈➬▲➷➆➮✜✑➜➴❵➬➓➮✜✕➛❐✜✕✷✌✏✑③✕→➬✓✑✚❒✣✎✒✕✒✕→➬❖❰✩Õ✯✌✏✎→➴❩✌❷Ð❈➬▲➷✥✌❨➮➜Õt✗✙✎✒✑❂➴❾Ñ✩➬➓➮✽Ô
❐✜✕✷✌✏✑❂➴❷ç✁✡✽✎✒✑❂➴✣✎❩❰✱➴✣✎☛✕❩Û✘✗✙✑ ➴✸✗❋➮✩✃✔✌✏✎❮❒❵➬✧❐✩➱✚✌❨❒✣✎→Ö✚➮❂➬➓➱ Ñ✩➬▲➴❞➷✤✗❋➱♠➱❵Ò✓✕✷✌❨❒✣✎✰✗✙✑❂➴❁✌▲Ð❈➬▲➷❙✕❩Û❛➬➊Ü➛➬➓❒ Ñ✩➬✢✕→➬✓✑✚❒✣✎✒✕✒✕→➬❆ã❆④❦å☎æ❖❰✜✎✒✕☛✑✮✗❋➮❂➴




























❛ ❑❀❞❲♠✠❑■✐✦◆❫♥✣✐ ◆❃❄ ✻✽✼✽ç✬❷✂❀












































































































































































































































































































































































































❃ ❂✤❄✺❅✰❆✔❇ ❈✫❉❋❊✽●✼❍❏■▲❑◆▼P❖❘◗❚❙❚❯✭✔✗✫❙✘❄✵❅✲✤✚❑✵ ✱✯✥✕✮✰✫❍✔①✵❅✖✽■✗✚✰✮✛✹✻✲❍■❊✔✝❂✼❱❲❉❨❳❬❩❪❭❚❫❵❴✧❅❜❛❋❝❡❞❨❢✼❣✼❑◆▼P❖❨❖❬▼✰❯





































































































































❑✪✧ ♥✹✥❴◆✣❘✆✶ ✶ ✠
✢ ✶
✤
❑✪✧❫♥✹✥✣◆✵❘✆✺ ❑✻✶✹✼❁◆❃❄ ✻✽✼✽ç✿✾ ✼✂❀
è❬✌✧Ð✟✌❨➱✣✎✷✌❨Ú✜✕→➬✎✶❿➬▲➴♠❒✦✎→➷✓✎➾➮✜✑❳❐❥➬➓❒✣✎❮❒❙❐✔✌❨➱✚✌❨Õ❧â➓❒♠➱❵➬➆➴✚✌✏✑❂➴❙Ñ✫✎❮Õ❧➬✓✑❂➴✸✎✰✗✙✑➋Ö✡➮❂➬❩✑✮✗❋➮❂➴❵✫✩Ô✩➬➓➱✸✗✙✑❂➴❴ã ✾❖ç✡➘➆➬✽✑✮✗❋➮✩Ð❈➬✛✌❨➮➃❰❲✗✙✑
Ð✟✌➜➷❵✃❂➬➓➱❵➷⑥✃❂➬➓➱✧➮✜✑❂➬ ➴✸✗✙✕❮➮✩❒✣✎✰✗✙✑ ❐✄✗❋➮✩➱✥✕✷✌❋Ö✚➮❂➬✓✕✒✕→➬t✕→➬▲➴✧Ò➓Ð✧✗✙✕❮➮✩❒✣✎✰✗✙✑❂➴P❒❵➬➓Õ❍❐✄✗❋➱❵➬✓✕✒✕→➬▲➴❆➬➓❒✧➴♠❐✔✌❨❒✣✎✷✌✏✕→➬▲➴✧➴⑥➬❍Ñ✩Ò▲➷✤✗❋➮✩❐✜✕→➬✓✑✚❒❷ç









































































ç ❈✳✑◗✌❨❐✩❐✜✕✒✎→Ö✚➮❂➬➓➱✚✌✥➷▲➬➓❒♠❒❵➬ à❀✗❋➱♠Õ✧➮✜✕→➬❳❒❵➬✓✕✒✕→➬➜Ö✡➮❂➬✓✕✒✕→➬ ❐✄✗❋➮✩➱❆❒✸✗❋➮❂➴✶✕→➬▲➴❞Ï♠➬➓➮✽Ô Ñ✩➬❳❐✔✌❨➱✚✌❨Õ❧â➓❒♠➱❵➬▲➴❷ç
❱✄✂P☎✁ ✽ ✕✘❃☞✎✍ ✝ ☎▲✂ ✗✩✘✚☎✛✔✄✂✠✜☛☞★✡✞✢✛☞✕✥✦☞✕✘✧✜☛☞★✡✌☞☎✂✩✘✚☎✞✡✪✡✌☞  ✂✁  
❆✩✕❴✌ Ò➓❒❵Ò❺Õt✗✙✑✚❒♠➱❵Ò❍Ö✡➮❂➬❳✕❩Û❛➬➊Ô❱❒❵➬✓✑❂➴✸✎✰✗✙✑ ✌❨➮✥Ñ✩➬➓➮✽Ô✫✎→â➓Õ❧➬❆✗❋➱❵Ñ✽➱❵➬❆Ñ✩➬✖✕❩Û✬✌❨❐✩❐✩➱✸✗▲Ô✫✎❮Õ✯✌❨❒✣✎✰✗✙✑ÙÑ✩➬ ✚❥➬✓✕❩Û❛Ñ✜✗❷Ð❲✎→➷❵✃ Ñ✜✗✙✑✜✑✔✌✏✎❮❒
Ñ➏Û✬✌❋➴⑥➴❵➬❦❥PÚ✄✗✙✑❂➴➐➱❵Ò▲➴♠➮✜✕❮❒✚✌❨❒❵➴q✌❨➮✽Ô➜Ò▲➷⑥✃❂➬✓✕✒✕→➬▲➴ Õt✗❷ß❈➬✓✑✜✑❂➬▲➴❷ç✄✂✟❐➛➬➓❒✣✎❮❒❵➬PÒ▲➷⑥✃❂➬✓✕✒✕→➬❖❰✔✕❩Û✬✌❨❐✩❐✩➱✸✗❷Ô❲✎❮Õ✯✌❨❒✣✎✰✗✙✑éÑ✩➬➓Ð❲✎→➬✓✑✚❒q✌❋➴⑥➴❵➬❦❥
Õ✯✌❨➮✩Ð✟✌✏✎→➴❵➬P➬➓❒➐➬✓✕✒✕→➬✥✑❂➬➟❐❥➬➓➮✩❒➐Ò➓Ð❲✎→Ñ✩➬➓Õ❧➬✓✑✚❒❝❐✔✌❋➴➐➴♠➮✜✎❮Ð❱➱❵➬❁✕❩Û❛Ò➓Ð✧✗✙✕❮➮✩❒✣✎✰✗✙✑❨✌❨❐✩➱❵â▲➴❝➷➓➱✸✗✙✎→➴❵➬➓Õ❧➬✓✑✚❒ Ñ✩➬P➷✤✗✡Ö✡➮✜✎✒✕✒✕→➬▲➴❷ç
è●Û ✎✒✑✚❒❵Ò➓➱❵ê➓❒❍Ñ✩➬❧➷▲➬➓❒♠❒❵➬✈✌❨❐✩❐✩➱✸✗▲Ô✫✎❮Õ✯✌❨❒✣✎✰✗✙✑ ✻❀✌❨➮ Õt✗✙✎✒✑❂➴✖✌❨➮òÑ✩➬➓➮✽Ô❲✎→â➓Õ❧➬✇✗❋➱❵Ñ✽➱❵➬❁❀➊❰á➬▲➴♠❒✧Ö✡➮➃Û❛➬✓✕✒✕→➬Ø➬▲➴❵❒P❒✸✗❋➮❋Ï ✗❋➮✩➱❵➴
Ð✟✌✏✕✷✌❨Ú✜✕→➬❧ã❳Ñ✩➬➓➮✽Ô➀Ñ✫✎❮Õ❧➬✓✑❂➴✣✎✰✗✙✑❂➴❜ç ✡✽✎✒✑❂➴✣✎❩❰✵✕❩Û✘✗✙✑é❐➛➬➓➮✩❒➆➮✩❒✣✎✒✕✒✎→➴❵➬➓➱✢✕→➬▲➴➆➷✛✌✏✕→➷➓➮✜✕→➴PÑ✽➮éÑ✩➬▲➴❵➴♠➮❂➴➆❐✄✗❋➮✩➱➆➴✸✎❮Õ✧➮✜✕→➬➓➱✢✕❩Û❛➬➊Ü➏➬➓❒





✸❬✸ ✕→➬➟➷✤✗✙✑✚❒♠➱✚✌❋➴♠❒❵➬❺Ñ✩➬➟Ñ✩➬✓✑❂➴✣✎❮❒❵Ò➟❐✩➱✸✗❨Ï♠➬➓❒❵Ò➆❐✵✗❋➮✩➱✭✕→➬➆❐✜✕✷✌✏✑✩✮ ✮ ✗❋Ú✩❒❵➬✓✑✡➮Þ❐✜✕❮➮❂➴❾✃✔✌❨➮✩❒❞➬▲➴♠❒❾Õ✯✌✏✎✒✑✡❒❵➬✓✑✔✌✏✑✚❒✳✕→➬





























✕→➬▲➴ ➷✛✌❨➱♠❒❵➬▲➴ ➴✸✗✙✑✡❒Þ❒✸✗❋➮❋Ï ✗❋➮✩➱❵➴ ❐❥Ò➓➱✣✎✰✗❱Ñ✫✎→Ö✡➮❂➬▲➴❷ç❾è❬✌ Ñ✩➬➓➱✣✑✜✎→â➓➱❵➬ Ñ✫✎P✪Ø➷➓➮✜✕❮❒❵ÒÙ➬▲➴♠❒ÞÑ✩➬é➷✛✌✏✕→➷➓➮✜✕→➬➓➱ ✕→➬é➷✤✗✙✑✚❒♠➱✚✌❋➴♠❒❵➬ Ñ✩➬






➬▲➴❵❒✧Õ✯✌✏✎✒✑✚❒❵➬✓✑✔✌✏✑✡❒✶✕✷✌➜Ý❖➱✣✎✒✕✒✕→➬❧❐✄✗❋➮✩➱ ✥✶ç⑤❈❝➱❷❰▲✗✙✑ Ð❈➬➓➮✽ÔÙÑ✫✎→➴♠❐✄✗❖➴❵➬➓➱✧Ñ✽➮ ➷✤✗✙✑✡❒♠➱✚✌❋➴♠❒❵➬❳Ñ✩➬ØÑ✩➬✓✑❂➴✣✎❮❒❵Ò ➬➓➮✜✕→Ò➓➱✣✎→➬✓✑➃❰❝✌❨➮✽Ô
❐✄✗✙✎✒✑✚❒❵➴
✴







Ý ✌❨➮❂➷⑥✃✜✎→➴❵➴❵➬➓Õ❧➬✓✑✡❒ Ñ✽➮Þ➴♠❐➛➬▲➷➓❒♠➱❵➬PÑ✩➬➆❐✩➮✜✎→➴❵➴❫✌✏✑❂➷▲➬ ■❛ö ❢❤▲✡☎✪✐✞ 
❙✙❯❳❲★❨❬❩❬❭✑❪❱❴★❴★❴▼❵
ç
❱✄✂P☎✄✂   ☛❵✔❍✟✷❩☛✡✌✗✩❫☛☞✌☞♠✜✷☞✎✟✎✍ ❩☛✡✌✗✦✂✙✑❜✡✌☞☎✂✩✘❦☎✿✡✪✡✌☞✂✑







❒♠➱✚✌❪Ï♠➬▲➷➓❒✸✗✙✎❮➱❵➬❳✑✮✗✙✑ ❐➛➬➓➱♠❒♠➮✩➱♠Ú❥Ò▲➬❖ç✵❇ Û❛➬▲➴♠❒ ➮✜✑❂➬❳✌❨❐✩❐✩➱✸✗❷Ô❲✎❮Õ✯✌❨❒✣✎✰✗✙✑✥➱✚✌✏✎→➴✸✗✙✑✜✑✔✌❨Ú✜✕→➬❖❰❥❐✩➮✜✎→➴❵Ö✡➮❂➬✥✕→➬▲➴ ➷✤✗❋➱♠➱❵➬▲➷➓❒✣✎✰✗✙✑❂➴➟➴✸✗✙✑✡❒
Ñ➏Û✘✗❋➱❵Ñ✽➱❵➬▲➴✶➴♠➮✩❐➛Ò➓➱✣✎→➬➓➮✩➱❵➴❷ç❷ô ✌❨➱➧➬➊Ô✩➬➓Õ❍❐✜✕→➬❖❰❜➷✤✗✙✑❂➴✣✎→Ñ✩Ò➓➱✸✗✙✑❂➴➧➮✜✑✧➴♠ß✽➴♠❒❵â➓Õ❧➬✿✗✔✓❙✕→➬▲➴á➬➊Ü➏➬➓❒❵➴➃Ñ✩➬✿✕→➬✓✑✡❒✣✎✒✕✒✕→➬▲➴➧➴❷Û✬✌❨❐✩❐✔✌❨➱❵➬✓✑✡❒❵➬✓✑✚❒


































❈✳✑ ✌❳Ñ✜✗✙✑❂➷❍ãØà❀✌✏✎❮➱❵➬❍ã ➮✜✑❂➬❦➷✤✗❋➱♠➱❵➬▲➷➓❒✣✎✰✗✙✑ Ñ✽➮✥Ñ✩➬➓➮✽Ô✫✎→â➓Õ❧➬❆✗❋➱❵Ñ✽➱❵➬❖ç➏➘✢✌✏✑❂➴q✕→➬❆➷✛✌❋➴PãØ❒♠➱✸✗✙✎→➴➆❐✜✕✷✌✏✑❂➴❁✕→➬✓✑✚❒✣✎✒✕✒✕→➬▲➴❜❰✄✕✷✌
➷✤✗❋➱♠➱❵➬▲➷➓❒✣✎✰✗✙✑➀Ñ➏Û✘✗❋➱❵Ñ✽➱❵➬PÕ✯✌❪Ô✫✎❮Õ✯✌✏✕→➬➟Ð✟✌❦ê➓❒♠➱❵➬PÑ✽➮➜❒♠➱✸✗✙✎→➴✣✎→â➓Õ❧➬✥✗❋➱❵Ñ✽➱❵➬❺➬➓❒✽✌✏✎✒✑❂➴✣✎➃Ñ✩➬P➴♠➮✜✎❮❒❵➬❖ç
❈✳✑ Ð✙✌❳➴❵➬❦➱❵➬▲➴❵❒♠➱❵➬✓✎✒✑❂Ñ✽➱❵➬Øã✇✕✷✌➋➷✤✗❋➱♠➱❵➬▲➷➓❒✣✎✰✗✙✑ Ñ✽➮❂➬t✌❨➮ ➷✤✗❋➮✩❐✜✕✷✌❨Ý❈➬Øã➋Ñ✩➬➓➮✽Ô✥❐✜✕✷✌✏✑❂➴✢✕→➬✓✑✚❒✣✎✒✕✒✕→➬▲➴❜❰➏❐✩➮✜✎→➴❵Ö✡➮❂➬✶✕❩Û✘✗✙✑
➴❫✌✏✎❮❒❺Ö✡➮➃Û❛➬✓✕✒✕→➬❧Ð✟✌➜ê➓❒♠➱❵➬ØÑ✜✗❋Õ❆✎✒✑✔✌✏✑✡❒❵➬❳➴❵➮✩➱✥✕→➬▲➴❺➷✤✗❋➮✩❐✜✕✷✌❨Ý❈➬▲➴❺❐✜✕❮➮❂➴❆➷✤✗❋Õ❍❐✜✕→➬➊Ô✽➬▲➴❷❰➧➬➓❒❺Ö✡➮➃Û❛➬✓✕✒✕→➬❧Ð✟✌❵✌❨❐✩❐✔✌❨➱✚✌❪❭→❒♠➱❵➬✡✌❨➮
 ✂✁   ✄✆☎✞✝✠✟☛✡✌☞✎✍✏✡✌☞✂✑✓✒✕✔☛✍✖✍✁ ✎✡✌✗✙✘✚☎✛✔✄✂✙✑✓✜✣✢✤☞✕✥✦☞✕✘✧✜☛☞★✡✌☞☎✂✩✘✚☎✞✡✪✡✌☞
✂☎✄✝✆✟✞ ✼✽ç✬❶✡✠✇♣✽✑➜➬➊Ô✩➬➓Õ❍❐✜✕→➬PÑ✩➬➆➷✤✗❋➮✩❐✜✕✷✌❨Ý❈➬PÑ✩➬❁✕→➬✓✑✚❒✣✎✒✕✒✕→➬❖ç✱è❬✌❳✕✒✎❮Ý✟✑❂➬➟Ñ✩➬➆Ð✴✎→➴⑥Ò▲➬ ➬▲➴❵❒❾❐❥➬➓➱♠❒♠➮✩➱♠Ú➛Ò▲➬➆❐✔✌❨➱➐Ñ✩➬➓➮✽Ô ❐✩➮✜✎❮❒❵➴
Ñ✩➬❍❐✄✗❋❒❵➬✓✑✚❒✣✎→➬✓✕→➴✠✻❯Ñ✩➬▲➴❺➴♠❐✩✃❂â➓➱❵➬▲➴✥✎→➴✸✗❋❒♠✃❂➬➓➱♠Õ❧➬▲➴❦ã➋➱✚✌❷ß✧✗✙✑ Ñ✩➬❧➷☞☛➆➮✩➱❷❰➧➷✤✗❋➮✩❐❥Ò▲➬▲➴✧❐✔✌❨➱❺Ñ✩➬▲➴✧➬➊Ô✽❐✄✗✙✑❂➬✓✑✚❒✣✎→➬✓✕✒✕→➬▲➴❃❀➊ç➧➘ ➬
✃✔✌❨➮✩❒❾➬✓✑➋Ú✔✌❋➴❷❰✴✕→➬ ➷⑥✃✔✌❨Õ❍❐➜Ñ✩➬ ➷✤✗✙✑✡Ð❈➬➓➱♠Ý❈➬✓✑❂➷▲➬PÑ✩➬▲➴❿❐✩➱❵➬➓Õ❆✎→➬➓➱➐➬➓❒❿Ñ✩➬➓➮✽Ô✫✎→â➓Õ❧➬ ❐✜✕✷✌✏✑❂➴ ✕→➬✓✑✚❒✣✎✒✕✒✕→➬❖❰✫✕✷✌❺❐✩➱✸✗❨Ï♠➬▲➷➓❒✣✎✰✗✙✑➋Ñ✩➬
✕❩Û❛➬➊Ü➏➬➓❒✹❒✸✗❋❒✚✌✏✕✱➬➓❒✹➬✓✑✎✫✮✑t✕❩Û❛➬➊Ü➏➬➓❒✹❒✸✗❋❒✚✌✏✕❂➴♠➮✩➱✹➮✜✑❂➬❴Ý❖➱✣✎✒✕✒✕→➬❴❒❵➬▲➴♠❒❷ç❖è❬✌➆Ñ✩➬➓➱✣✑✜✎→â➓➱❵➬❹✫❂Ý❖➮✩➱❵➬❞➬✓✑❆Ú✔✌❋➴❤Ñ✜✗✙✑✜✑❂➬✭✕✷✌ Ñ✫✎✿Ü➛Ò➓➱❵➬✓✑❂➷▲➬
➬✓✑✡❒♠➱❵➬❩✕→➬▲➴●Ý❖➱✣✎✒✕✒✕→➬▲➴❙❒❵➬▲➴♠❒❧✻■✕→➬▲➴❙➷✤✗❋➮✜✕→➬➓➮✩➱❵➴ ✗✙✑✡❒❙Ò➓❒❵Ò➐Õt✗❱Ñ✫✎✪✫✱Ò▲➬❾❐✄✗❋➮✩➱✻✌❨Õ❍❐✜✕✒✎✪✫✱➬➓➱❙Ð✴✎→➴♠➮❂➬✓✕✒✕→➬➓Õ❧➬✓✑✡❒✦✕❩Û❛➬➊Ü➏➬➓❒❃❀➊ç✙❇✻✗✙✕✰✗✙✑✜✑❂➬
Ñ✩➬❳Ý ✌❨➮❂➷❵✃❂➬❖❰ ✕❩Û❛➬➊Ü➏➬➓❒❦Ñ✩➬✇✕→➬✓✑✡❒✣✎✒✕✒✕→➬➋➴♠➮✩➱❦➮✜✑❂➬ØÝ❖➱✣✎✒✕✒✕→➬❳❒❵➬▲➴♠❒❍➬✓✑●✑❂Ò➓Ý✟✕✒✎❮Ý❈➬✛✌✏✑✚❒❆✕❩Û❛➬➊Ü➏➬➓❒❦Ñ✽➮ ➷✤✗❋➮✩❐✜✕✷✌❨Ý❈➬➋Ñ✩➬✈✕→➬✓✑✚❒✣✎✒✕✒✕→➬❖ç
❇✻✗✙✕✰✗✙✑✜✑❂➬äÑ✩➬➜Ñ✽➱✸✗✙✎❮❒❵➬❖❰ ✗✙✑ ❒✣✎→➬✓✑✡❒Ø➷✤✗❋Õ❍❐✩❒❵➬ Ñ✩➬✡✕❩Û❛➬➊Ü➏➬➓❒ØÑ✩➬Þ➷✤✗❋➮✩❐✜✕✷✌❨Ý❈➬❖ç❙è❬✌✥❐✩➱❵➬➓Õ❆✎→➬➓➱❵➬❵✕→➬✓✑✡❒✣✎✒✕✒✕→➬ ✻❯➬✓✑ ✃✔✌❨➮✩❒ ã
Ñ✽➱✸✗✙✎❮❒❵➬❁❀✽✌❨Ý✟✎❮❒❝➴♠➮✩➱❩✕→➬✧➴❵➬▲➷✤✗✙✑❂ÑÞ❐✜✕✷✌✏✑ ✕→➬✓✑✚❒✣✎✒✕✒✕→➬❺✻❯Ñ✩➬➓➮✽Ô✫✎→â➓Õ❧➬❆➬✓✑Þ❐✔✌❨➱♠❒✚✌✏✑✚❒➆Ñ✽➮Þ✃✔✌❨➮✩❒❷❰➾ã❧Ñ✽➱✸✗✙✎❮❒❵➬❁❀➊ç➾è➃➬✧Ñ✩➬➓➮✽Ô❲✎→â➓Õ❧➬
❐✜✕✷✌✏✑❵✕→➬✓✑✡❒✣✎✒✕✒✕→➬✧➬▲➴♠❒❾❐✩➱❵Ò▲➴⑥➬✓✑✚❒❵ÒP❒❵➬✓✕➃Ö✡➮➃Û ✎✒✕á➬▲➴♠❒✍✌❁r✏✎✒✑✔✓ ♣✞③✖✕☎✎✘✗✎q✚✙ qs①✛✕✢✜

























































































































































































❲❶❞❃❷ ❸ ❝ ♠❡❞★④ ❝ ❢
❛
❸❹❤❫♠❡❞★④✧❤✧❢✒❷❃❳✄❢ ❄ ❺✜❻✩✪❋❊❍✱✕❼




















































































































































➂✆✿ ✌✏✕✷✭✆✹✻✭✓✑❾✰➈✲ ✱➧✫✔✌✾✲✺✰✣✎✷✳➈✭✓✑ ❍✫✎✷✳✴✰✚✌✏✑❁✵✒✭❵✌✏✑✱✿✥✯✜✕✷✌✏✎❑✲✴✭✥✪ ♣✳✑ ✫✜✕✷✌✏✑ ✫✮✭✆✯✱✰✻❍✜✗✙✑❁✵❡➵✆✰✺✲✴✭❵✌✾✲✺✰✣✎✽❏♦✵✓✎✷✭✓✕✒✕✷✭✆✹✻✭✓✑❾✰✡✌✾✹➒✫✜✕✒✎✽❏♦➂
✫✔✌✾✲➧✵✒✭✍➲✜✎✷✌✏✎✷✳❅✪●→✳✑✬❇✟✌✻❍✜✗✙✑❁✵✍✫✜✕❑✯✱✰✴✳✣✰➧❍✱➂✒✵✤✗✣✯✱✫●✭✆✲✳✕✷✭✍✰✺✲✚✌✭✬✞✭✆✰✵✬ ✯❁✳❃➑❄✯➄❈➙➆t✕✷✌✻✳✺✯✱✲✞✼✁✌✣✵✒✭✍❍✱✭➝❍✱✭✆✲✣✑✜✎✷➐✆✲✴✭➝❍✫✎✽❋●✯❁✳✣✎✰✗✙✑❯✭✓✑
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Testing quintessence models with large-scale structure growth
K. Benabed and F. Bernardeau
Service de Physique The´orique, CE de Saclay, F-91191 Gif-sur-Yvette Cedex, France
~Received 23 April 2001; published 18 September 2001!
We explore the possibility of putting constraints on quintessence models with large-scale structure observa-
tions. In particular, we compute the linear and second order growth rate of the fluctuations in different flavors
of quintessence scenarios. We show that effective models of quintessence ~e.g., with a constant equation of
state! do not account for the results found in more realistic scenarios. The impact of these results on observa-
tional quantities such as the shape of the nonlinear power spectrum in weak lensing surveys or the skewness of
the convergence field is investigated. It appears that the observational signature of quintessence models is
specific and rather large. The effects clearly cannot be mistaken for a change of V0.
DOI: 10.1103/PhysRevD.64.083501 PACS number~s!: 98.80.Cq, 98.62.Sb, 98.65.Dx
I. INTRODUCTION
The recent evidence in favor of a nonzero cosmological
constant @1–9# has led to the development of alternative sce-
narios to explain such a nonzero vacuum energy density @10#.
In particular, models involving the so-called quintessence
have attracted attention from the high-energy physics com-
munity @11–17#. Indeed, in such models the vacuum energy
density is due to the potential and kinetic energy of a scalar
field rolling down its potential. Various models have been
proposed. The simplest implementation of such models,
widely used in the literature, is to introduce an effective quin-
tessence with a constant equation of state @11#. More elabo-
rate theories provide potentials that exhibit a tracking solu-
tion regime as long as the energy density of the quintessence
field is subdominant @13#. This behavior is generically en-
countered in the Ratra-Peebles @17# model in which the quin-
tessence potential is a simple inverse power of the field.
Other models inspired by high-energy physics have also been
shown to exhibit this remarkable property @14–16#.
The presence of a quintessence field changes the energy
content of the universe and therefore alters its global expan-
sion rate. It is then natural to try to detect the signature of a
nonstandard vacuum equation of state through its impact
upon the distance-luminosity function, which can be re-
vealed by supernova type Ia ~SNIa! observations @18–20#. It
has been found, however, that the precision with which the
vacuum equation of state can be measured depends crucially
on whether priors are assumed on the other cosmological
parameters, in particular on the matter content of the Uni-
verse. This calls for a reexamination of the theoretical foun-
dations upon which precision methods for determination of
the cosmic density are based.
The cosmic microwave background ~CMB! anisotropy
power spectrum has been recognized as a gold mine for the
determination of cosmological parameters. It is actually a
very valuable method for measuring the global curvature of
the Universe @1# ~through the value of the angular distance of
the last scattering surface! but it suffers from an unavoidable
parameter degeneracy @21,22# so that V0 cannot be deter-
mined alone.
The impact of quintessence models on the properties of
the CMB as well as on the primordial density contrast power
spectrum has nonetheless been studied in different models:
the effective quintessence ~with the extra shortcoming that
the possible fluctuations of the quintessence field were ne-
glected! as well as some high-energy physics tracking poten-
tials @14,23#. It has been found that at the redshift of recom-
bination the dark energy fluid is subdominant and has only
significant superhorizon fluctuations. Quintessence effects
appear, therefore, only as a modest change of the Sachs-
Wolfe plateau, an effect difficult to detect unambiguously
because of the size of the cosmic variance.
It has been shown, however, that although the intrinsic
properties of CMB anisotropies fail to provide an unambigu-
ous test of quintessence, its existence can be shown by the
amplitude of the density fluctuations on the last scattering
surface compared to those at low redshift. This can be done,
for instance, with the help of galaxy cluster counts @24,25# or
with weak lensing measurements @26,27#.
In all cases, however, direct constraints on V0 that would
help to disentangle models rely on analysis of the local uni-
verse properties. The matter content of galaxy clusters or
their number density evolution @24,28# can provide useful
constraints. Unfortunately these methods depend on non-
trivial modeling of cluster properties such as x-ray luminos-
ity or temperature-mass relations. It is therefore unlikely that
they can provide accurate constraints on V0 with a well con-
trolled level of systematics.
New methods, based on weak lensing observations, are
now emerging that are in principle free of elaborate physical
modeling. The proposed means for constraining V0 are
based on the rate at which nonlinear effects start to play a
role in the cosmic density field. Fundamentally, two ideas
have been followed. One is based on the nonlinear evolution
of the shape of the power spectrum @29# and preliminary
results have already been reported in this case @27#. It relies
on some specific class of models, namely, some flavor of
cold dark matter ~CDM! model ~the shape of the nonlinear
power spectrum obviously depends on what is assumed for
the linear one!. The other method, proposed in @30#, is more
demanding on the observation side but is based on the sole
assumption that the initial conditions were Gaussian. It relies
on the direct detection of non-Gaussian properties of the den-
sity field. In particular, it has been shown that the large-scale
convergence skewness can be used to measure V0. Exact
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results obtained via second order perturbation theory have
been obtained for models with or without a cosmological
constant. It is then crucial to know whether these results
would be affected in the case of quintessential dark energy.
The aim of this paper is therefore to examine the growth
of structure in both the linear and the nonlinear regimes. To
illustrate our results and their robustness we consider various
realistic models of quintessence. So far the evolution of
large-scale structure has been studied only with effective
quintessence @11,31,32# and we will see that it does not pro-
vide a realistic account of what is happening in explicit mod-
els of quintessence.
This paper is divided as follows. In Sec. II we describe
the models we use and in particular the evolution of the
vacuum equation of state they imply. In Sec. III the results
for the linear and second order growth rates are presented.
Implications of these results are discussed in Sec. IV for the
nonlinear power spectrum.
II. THE QUINTESSENCE MODELS
We postulate that the content of the universe includes a
scalar field Q of potential V. This scalar field is responsible
for the dark energy we observe today and is usually de-
scribed as a cosmological constant. Its motion equation is
given by the Klein-Gordon equation
Q¨ 13H Q˙ 52 ]V
]Q ~1!













The equation of state of the dark energy
pQ5vQ rQ ~3!
is a priori no longer characterized by a constant vQ521
parameter. It can vary from vQ521 when the dynamics of
the field is dominated by its potential, to vQ51, when the
kinetic energy dominates. In all the models we will consider,
the parameters will be chosen so that V050.3 and VQ
50.7 today, unless otherwise mentioned.
In the following we focus our analysis on two models
with tracking solutions that provide explicit time dependency
of the equation of state, the Ratra-Peebles model @17# and the
model developed by Brax and Martin in which the potential
shape incorporates generic supergravity factors @15,16#. In
this section we succinctly review the properties of the effec-
tive, Ratra-Peebles, and supergravity ~SUGRA! quintessence
models and compute the resulting equation of state of the
Universe in these models.
A. Effective quintessence
Models of effective quintessence are the simplest imple-
mentations of a nontrivial vacuum equation of state. It is
simply assumed that the equation of state parameter is fixed
and represents an average value of a cosmic component fol-
lowing a complex evolution ~whether or not it is a quintes-
sence field!. Considered as a simplified version of a quintes-
sence model, this is a valid approach if, for some reason, the
kinetic energy and the potential are almost constant and of
the same order. This condition ~which is not the slow-roll
condition where the kinetic energy is much smaller than the
potential! seems unlikely to be satisfied in a realistic frame-
work. We will nonetheless compare realistic models with this
approximation to show its impact on observed quantities.
B. Tracking quintessence
In a very wide class of quintessence models the field dy-
namics exhibits a tracking solution. It is such that the evolu-
tion of the dark energy, during radiation and matter domina-
tion, is completely determined by the potential shape
regardless of the initial conditions.1 In other words, the only
tuning required to reproduce today’s observations is the en-
ergy scale of the potential. Eventually, this scale will have to
be explained by high-energy physics computations. While
this task seems insuperable in the case of a pure cosmologi-
cal constant, it might be within theoretical grasp for tracking
quintessence @13,33#.
The phenomenological properties of this class of models
can be summarized through the time evolution of the cosmic
equation of state. The detailed behavior of the field in the
first stages of its evolution depends on the initial conditions.
If initially rQ represents a fair fraction of the cosmic energy
density, the field Q rolls quickly down its potential so that the
quintessence energy density is purely kinetic. It is slowed by
the expansion until it freezes at a value larger than the one
corresponding to the tracking solution. The value of the field
then remains constant—the quintessence energy density is
purely potential—until it coincides with the attractor solu-
tion. Once on the attractor solution, the equation of state
parameter of the quintessence field takes a value that de-
pends only on the shape of the potential and on the equation
of state of the dominant species of the universe ~it therefore
changes at equivalence!. When the energy density of the field
starts to dominate, the field follows an inflationary type
slow-roll solution whose equation of state is approaching
vQ521. These behaviors are displayed on Fig. 1 for the
potentials we adopted. The time at which the tracking solu-
tion is reached is completely arbitrary and has no effect on
the quantities we consider in the following.
Our analysis will be done for two tracking models.





1Over hundred orders of magnitude.
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and which is the simplest model exhibiting a tracking solu-
tion. In particular, it is very hard, with this potential, to get
an equation of state vQ,20.7 while keeping a reasonable
energy normalization for M ~from the high-energy physics
point of view! if VL50.7 today. Note that for such a poten-





where vB is the equation of state parameter of the back-
ground fluid (1/3 for a radiation dominated universe, 0 for a
matter dominated universe!. In the following we will con-
sider the case a52, which gives vQ;20.6 today, margin-
ally consistent with the supernovae observations although it
leads to an unrealistic low-energy scale for M.
Second, we consider the SUGRA model, proposed by




expF 4p Q2MPlanck2 G . ~6!
The corrective factor is motivated by the fact that, in the
Ratra-Peebles scenario, the field naturally reaches the Planck
scale at low redshift. If the quintessence potential is to be
derived from models beyond the standard model of particle
physics that are expected to include supergravity properties,
it is natural to expect supergravity corrections in the shape of
the potential. The potential Brax and Martin proposed is ac-
tually an extension of the Ratra-Peebles potential, with a
generic supergravity correction ~the exponential term!. This
last model is of particular interest since its predictions are in
good agreement, for a wide range of parameters, with the
SNIa measurements. We studied here two examples of this
potential, a56 and a511, which both lead to the equation
of state vQ;20.8 at zero redshift. These choices of param-
eter lead to an energy scale M from 106 to 1011 GeV, which
does not contradict our knowledge of high-energy physics.
The two models have the same tracking solution and the
equation of state parameter on it is thus the same, given by
Eq. ~5!. Differences between the two models arise when the
field leaves the tracking solution. At this time, the field value
is of the order of the Planck mass, and the SUGRA correc-
tion of the latter models starts to dominate. This SUGRA
correction cures the problems encountered by the Ratra-
Peebles potential by quickly slowing the field as it rolls
down, thus providing a smaller equation of state parameter
@16,15#.
C. Solution of the equations with quintessence
The quintessence field contributes to the Friedman equa-















~r tot13p tot! ~8!
where r tot is the total energy density of the Universe and p tot
its pressure, assuming we live in a zero curvature universe. It
is convenient to define the parameter v as the effective equa-
tion of state parameter of the ensemble of cosmic fluids,
p tot5v r tot . ~9!
This parameter is expected to vary from 1/3 in the radia-
tion dominated era, v50 in the matter dominated era, to v
→21 when the vacuum energy dominates. The shape of this
transition and its implication for the growth of structure are
precisely what we investigate in this paper.
The evolutions of the equation of state of the universe are
shown on Figs. 1 and 2. They show that the transition from a
matter dominated universe v50 to a vacuum dominated
universe is much smoother in the case of quintessence mod-
els. In fact, the universe leaves the v50 line much sooner in
the tracking quintessence models than in the effective quin-
tessence or the L models. It is then natural to expect signifi-
cant effects on the angular distances or on the growth of
FIG. 1. The evolution of the vacuum equation of state as a
function of the expansion parameter a for different cosmological
models. The dotted line corresponds to a vacuum equation of state,
p520.8r; the dot-dashed line to a Ratra-Peebles solution with a
52; the dashed line to a SUGRA behavior with a56; and the solid
line to a SUGRA model with a511. The amplitude of the quintes-
sence potentials is such that Vmatter50.3 at z50 in all cases.
FIG. 2. The evolution of the global cosmic equation of state as
a function of the expansion parameter a for different cosmological
models for a redshift range z50 to 10. Same convention as Fig. 1
with thin solid line corresponding to a pure cosmological constant
such that VL50.7 at z50.
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fluctuations. Moreover, the low-redshift behavior of the glo-
bal cosmic equation of state is very different in the three
quintessence models. This also should induce significant
phenomenological differences between the L models and the
quintessence models.
The implication of these behaviors for the angular dis-
tances is shown on Fig. 3. The differences seem not very
noticeable at small redshift. However, they build up to be
significant when the effect is integrated to the last scattering
surface. The end values of the angular distances for the dif-
ferent tracking quintessence scenarios are very close to each
other, although they correspond to different values of the
equation of state today ~see Fig. 2!. Not surprisingly, quan-
tities sensitive to the angular distance at high z, such as the
position of the first acoustic peak, have been found to depend
upon the vacuum equation of state @23#. One should also
expect significant differences in the amplitude of the lens
effect on the CMB anisotropies ~as its depends on the angu-
lar distances between the observed objects and the lenses!.
We note however that a L model with a lower value of V0
can reproduce fairly well the low-redshift behavior of the
angular distances in our quintessence models.
III. THE GROWTH OF STRUCTURE
A. The linear growth rate
In the previous section we observed that, since the evolu-
tion of the universe with a quintessence component is
smoother than with a pure cosmological constant, the depar-
ture from an Einstein–de Sitter ~EdS! universe occurs later in
the former case. This effect has been described before
@32,11,12#, although only in the context of effective quintes-
sence, but it is clearly amplified here because the energy
fraction of the quintessence field can be much larger at high
redshift in cases of realistic quintessence models.
In this section we investigate the impact of these effects
upon the evolution of large-scale structure. We consider the
large-scale structure history only after recombination, a time
at which the dark matter fluctuations dominate. After recom-
bination and at subhorizon scales the quintessence field per-
turbations correspond to decaying modes and can therefore
be ignored. Within these assumptions the growth rate of the
density contrast at linear order is driven by the equation @34#
D¨ 1~ t !12HD˙ 1~ t !2
3
2 H
2 V~ t ! D1~ t !50, ~10!
where V(t) corresponds to the fraction of energy in the mat-
ter component. The growth rate is independent of the wave-
length of the fluctuations as long as we consider fluctuation
at subhorizon scale and if we neglect the pressure effects.
The time evolution of D1 provides the amplitude of the den-
sity fluctuations. Figure 4 gives the growth rate, for different
models, as a function of redshift compared to the growth rate
in the EdS case.2 In models with a pure cosmological con-
stant, the growth factor remains very close to the EdS solu-
tion for a long period, and then changes abruptly between
redshift 2 and 3. In quintessence models the solutions follow
the same scheme, yet with a smoother slope change. How-
ever, for the same normalization at z.100, when the uni-
verse is very close to an Einstein–de Sitter model, today’s
growth rates are quite different. The quintessence scenarios
with a tracking field exhibit a smaller growth today ~of order
20–30 % percent less!. To say it in other words, for the same
s8, the quintessence models demand larger density fluctua-
tions at early times. This effect should lead to a difference
between CMB normalizations and low-redshift normaliza-
tions.
The origin of this difference is clear. It is due to the fact
that the energy fraction in the quintessence field remains sig-
nificant for a much longer time. In this respect the effective
quintessence solution is very similar to the L scenario,
whereas realistic models of quintessence lead to linear
growth rates that depart from the EdS case at redshift as
large as 30. Clearly, models of effective quintessence that
can match the SNIa observations do not provide a good ac-
count of the linear growth rates found in realistic models of
quintessence.
B. Second order growth rate
As mentioned in the Introduction, for Gaussian initial
conditions the second order growth rate determines the rate
2Whose solution is well known, D1(t)5a(t).
FIG. 3. Evolution of the comoving angular distance in the dif-
ferent scenarios compared to a pure cosmological constant from z
51000 to the local universe. Same conventions as in Figs. 1 and 2
are used for the line styles. The lower solid line corresponds to a
pure cosmological constant model with V050.4.
FIG. 4. The ratio D1 /a ~normalized to unity at z.100) for the
different scenarios. Today’s growth rate is smaller by about 20% in
tracking quintessence scenarios.
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at which non-Gaussian properties emerge in the matter den-
sity field. In a perturbation theory approach it is indeed this
quantity that determines the value of the large-scale skew-
ness. Furthermore, it turns out that weak lensing surveys can
be used as a test ground for this effect and provide a robust
constraint on V0 through the value of convergence skewness
@35,30#. We examine here to what extent this approach re-
mains valid in a quintessence cosmology.
Such perturbation theory calculations are based on the
computation of higher order terms in a perturbative ap-





can be related to the second order growth rate @36# and more
specifically to the second order growth rate in spherical col-
lapse dynamics @37,38#. In this case it is simple to expand the
local density contrast to second order with respect to the
initial density fluctuations,





with a time dependent coefficient that can be explicitly cal-
culated for any cosmological model. The function D2(t) is
the growing mode of the equation
D¨ 2~ t !12HD˙ 2~ t !2
3
2 H









~ t !. ~13!
The 3D density skewness at large scale ~and when smoothing
effects are neglected! is then directly proportional to D2(t),







From Fig. 5 it is clear that the variations of skewness with
the cosmological models are very small ~below the percent
level! and are likely to remain undetectable. This means that
the second order growth rate does not introduce further de-
pendence on the vacuum equation of state. This result actu-
ally extends a property already known for the dependence of
S3 on V0 for open universes @36#, flat universes with a cos-
mological constant @38#, or in some flavors of nonstandard
vacuum equation of state @39#.
The skewness of the convergence is thus expected to be
left unchanged, except through the dependence of the angu-
lar distances and the linear growth rate of the fluctuations.
We recall here the formal expression for the convergence
skewness in perturbation theory for a power law spectrum























where Ds is the comoving distance to the sources and s3 is
the skewness parameter for the 2D dynamics. The latter can
be related to the 3D one, since it implies only a different










which amounts to 36/7 for an Einstein–de Sitter case.
In Table I we present the expected skewness for the dif-
ferent models we have considered for sources at redshifts 1
or 2. The results show that the projection effects on the value
of the skewness can be quite large. They increase the value
of the skewness so that quintessence models with V050.3
mimic what one expects for a V050.25 model with a pure
cosmological constant.
It is to be noted that angular diameter distances, in a quin-
tessence scenario, rather resemble a L model with a larger
value of V0 ~see Fig. 3!. From those two joint observations it
should then be possible to test the quintessence model hy-
pothesis. However, results should be extended to the inter-
FIG. 5. The skewness for the different scenarios. The horizontal
straight line gives the skewness in EdS models. The variations in
the quintessence models are very small.
TABLE I. Value of the skewness, Eq. ~15!, of the local conver-
gence in weak lensing surveys for sources at redshifts 1 or 2 and for
a power law index n521.5.
Skewness zs51 zs52
L model (V050.3) 76 26
L model (V050.25) 85 28
wQ520.8 83 28
Ratra-Peebles, a52 91 32
SUGRA, a56 85 30
SUGRA, a511 86 30
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mediate and nonlinear regime where most of the data are
going to be, although we expect the qualitative results found
here to remain valid.
IV. NONLINEAR MATTER POWER SPECTRUM
IN QUINTESSENCE MODELS
A. The shape of the nonlinear power spectrum
We complete these investigations with the nonlinear evo-
lution of the matter density contrast power spectrum. Assum-
ing a stable clustering ansatz and the Hamilton et al. map-
ping @40#, we compare the power spectrum in quintessence
and cosmological constant models in the deeply nonlinear
regime.
The linear matter power spectrum in quintessence sce-
narios has been studied before @41,14,42,23#. For modes in-
side the horizons, models with a pure cosmological constant
or with a quintessence field show very little difference in the
shape of the linear transfer function. Limiting our study to
those modes, we can reliably approximate the linear quintes-
sence power spectrum by a standard cold dark matter model
with a cosmological constant (LCDM! one.
However, there is no reason for the nonlinear evolution of
these models to lead to the same power spectrum. Indeed, we
showed in Sec. III A that generically the large-scale structure
grows more slowly in quintessence scenarios. Hence, for the
same amount of structure today, the density contrast had to
be bigger in the quintessence scenario at early time. This
implies that modes that are in the nonlinear regime now have
reached this regime sooner in quintessence scenarios.
Following the idea of Hamilton et al. @40#, later extended
by Peacock and Dodds @43,44#, we postulate that one can
describe the effects of nonlinear evolution through a univer-









Enforcing stable clustering, Peacock and Dodds showed that
this function must follow an asymptotic behavior at large x
such that f nl(x)}g(V)23x3/2—where g(V)5D1(a)/a is the
ratio of the linear growth factor to the EdS growth factor
described in Sec. III A—and proposed analytical forms for
f nl that depend on the cosmological parameters through g(a)
only and that are calibrated on various N-body simulations.
We assume that their results hold for quintessence scenarios.
In particular, we assume that the nonlinear regime always
reaches a stable clustering regime. Moreover, and in the ab-
sence of quintessence N-body simulation for our particular
scenarios, we also assume that the normalization factor in the
asymptotic branch is independent of the cosmological sce-
nario. These assumptions are not trivial and can probably be
challenged ~see, for instance, @32#, where the behavior of the
nonlinear power spectrum is investigated for effective quin-
tessence models with a different perspective!.
From the Hamilton et al. ansatz we expect very different
behaviors for the small-scale nonlinear power spectrum
when quintessence and nonquintessence models are com-
pared. We previously obtained the result that about 20% to
30% discrepancy is expected, depending on the quintessence
potential, between gQ and DL. The consequences of this a
priori modest discrepancy are dramatic for the nonlinear
power spectrum. For a mode that entered the non-linear re-




















where kQ (kL) is the linear mode in the quintessence (L)
linear power spectrum giving rise to the knl mode in the
nonlinear spectrum. Assuming, as stated before, that at the
subhorizon scales we are interested in the linear power spec-
tra of the models are identical, up to a normalization factor
P0, we write P(k ,z)5g2(z)a2 P0 kn with n.23. For a





























We suppose here that the spectral index n is identical for
both PQ(kQ) and PL(kL), which is a reasonable approxima-
tion. Finally, if we set both the spectra to fit the cluster nor-
malization, the ratio P0
Q/P0
L is simply the ratio of the grow-







5S gQ~z50 !gL~z50 !D
23 [12(n13)/(n15)]
. ~22!
Note that the exponent gets close to 23 when the spectral
index goes to 23. Given the variation of gQ the ratio given
in Eq. ~22! can be as large as 2.




5S gQ~z ! gL~0 !gQ~0 ! gL~z !D
2
. ~23!
These simple investigations show unambiguously and
with a limited number of assumptions that the shape of the
nonlinear power spectrum is very sensitive to the presence of
a quintessence field. In order to have a full description of the
power spectrum behavior, including the intermediate regime,
we use the Peacock and Dodds prescription. This formula
has been shown to be reasonably accurate for effective quin-
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tessence models in N-body simulation, at least at low redshift
@32#. Anyway, we are more interested, in this paper, in the
general trend rather than a completely accurate description of
the transition between linear and nonlinear evolution. Figure
6 shows a comparison between quintessence models and a
standard LCDM. The curves represent the ratios between a
quintessence nonlinear P3D at z50 and the LCDM one as-
suming that the linear power spectra have the same normal-





L )23 asymptote. The shape of the curve in this region
is described by the 3@12(n13)/(n15)# power calculated
above. Since the effect is proportional to the growth ratio to
the power 1/3, it is much smaller for effective quintessence
where the discrepancy between its growth and the L model
growth is smaller. We stress again therefore that the use of a
constant equation of state cannot account for the amplitude
of this effect as it is expected in realistic models.
Note that the transition between the linear and nonlinear
regimes depends on the ansatz used for f nl . However, a very
sharp transition, as encountered here, is not unnatural. It ac-
counts for the different times a given mode enters the non-
linear regime in different models. If one follows a given
mode throughout its evolution, it will first obey the linear
growth and evolve as a2g2(a). Then it enters the nonlinear
regime and grows as a3. The transition between these two
regimes is very sharp. When models with a different growth
factor are compared, this rapid transition translates into a
sharp increase of the power spectrum ratio between the linear
and nonlinear regimes.
Moreover, we note that this effect cannot be mistaken for
a variation of V0. The latter has a much more dramatic effect
on the shape of the linear power spectrum through a change
of the shape of the transfer function. In this case, not only is
the linear growth rate changed but the position of the maxi-
mum of the linear power spectrum is also shifted.
In principle, large-scale galaxy surveys such as the 2dF or
the SDSS should be able to put constraints on the amplitude
and shape of the power spectrum. However, the possible ef-
fects of biasing mechanisms, which are extremely poorly un-
derstood in the transition regime between the linear and non-
linear regimes, prevent a robust and reliable test of these
scenarios. In the next section we rather try to validate these
properties in the context of a better defined observational
procedure: the projected power spectrum in weak lensing
surveys.
B. Projected power spectrum in weak lensing surveys
Weak lensing surveys can potentially provide us with pre-
cision maps of the projected density up to redshifts around 1
@45–48,26,49,27,50#. These measurements are expected to
be free of observation biases once the redshift distribution of
the sources is known.
Weak lensing surveys, through observation of the defor-
mation of background galaxies, can give access to the con-
vergence field. The latter can be written as the projection of





where the D stands for the angular distance ~and this formula
is valid for a flat spatial curvature only!. The geometrical
kernel w(D), defined in Eq. ~16!, accounts for the projection
effects.
We expect that the ratio of the power spectra of the con-
vergence field for models with a cosmological constant and
models with a quintessence field will exhibit roughly the
same properties as the ratio of the three-dimensional power
spectra. However, the value of this ratio is expected to be
affected by a corrective factor induced by the geometrical
kernel which itself depends on the details of the cosmologi-
cal model. In the following we present an evaluation of this
rescaling factor along the line of reasoning of the previous
subsection.

















where a possible redshift evolution of the shape of the power
spectrum is included. The kernel w is a bell shaped window
that reaches its maximum at zeff5z(Ds/2). To evaluate
roughly the rescaling factor we will approximate w2 by a
simple Dirac function w2(D);weff2 d(D2Ds/2) with weff
5*Ds dDw(D) and zeff;0.4 ~it depends on the cosmology
we are considering! for sources at redshift zs . Now, the ratio


























FIG. 6. The ratio P3DQ /P3DL at z50. The solid and dashed lines
are the SUGRA quintessence models for a511 and a56, the dot-
dashed line is the Ratra-Peebles model, and the thin dotted line is
the effective quintessence model for an a vQ520.8. We also show
here the results for a V050.4 flat LCDM model ~thin dashed line!
and an V050.25 flat LCDM model ~thin double dashed line!,
which were discussed in previous sections.
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For a mode in the nonlinear region, a few percent error in the
position of the mode is not significant, so that we can ignore
the difference between DQ and DL in the last term of the



















3S gQ~z50 !gL~z50 !D
23 [12(n13)/(n15)]
, ~28!
which, compared to Eq. ~22!, contains an extra geometrical
factor due to the projection effects. It evaluates to 0.8 to 0.9
depending on the model and position of the source plane. We
expect therefore the conclusions reached in the previous sec-
tion to survive in weak lensing observations.





























Table II gives the value of the expected ratio in the linear
region. It is about 0.9. This indicates that the normalization
ratio for the linear 3D power spectrum and that for the pro-
jected weak lensing spectrum will differ by this amount.
These semianalytical results give a good account of the
ratio Pk
Q/Pk
L for all angular scales. At large scale, it is
roughly flat; its value is given in Table II. Then, as we get
closer to the transition between the linear and nonlinear re-
gimes, the ratio exhibits a slight drop. Indeed, from Eq. ~27!
the LCDM model enters the nonlinear regime earlier, be-
cause of the difference between the zeff . Hence, one expects
to have, for a few modes, a Pk
L that rises more quickly than
its quintessence counterpart. Then, when the quintessence
power spectrum also hits the nonlinear regime, the ratio will
exhibit a shape very similar to that of the three-dimensional
power spectrum ratio, with the rescaling factor computed
above.
In Fig. 7 we present the explicit computation of the non-
linear power spectra of the convergence field using the pre-
scription of Peacock and Dodds to compute the redshift evo-
lution of the 3D power spectrum. Unlike in Fig. 6, here the
power spectra are not cluster normalized. In this case the
power spectra are normalized so that the weak lensing am-
plitudes match at 108 scale when computed with the linear
power spectrum and match the amplitude of the recent de-
tections of weak lensing effects ~e.g., s8'1 for a LCDM
model with L50.7). Because of the projection effects given
in Table II, this is not equivalent to the normalized linear 3D
power spectrum. Projection effects also slightly change the
shape of the projected linear power spectrum. The redshift of
the sources is simply assumed to be unity here. The differ-
ences in the shape of the power spectra are clearly visible
and should be already within observational constraints.
We also give the effects of a change of V0, following the
same prescription for the normalization. In this case, because
we normalized to the convergence linear power spectrum, the
change of V0 also directly affects the normalization. Com-
pared to 3D power spectra, it actually worsens the situation
and make the distinction between quintessence models and
such models striking.
The result of Fig. 7 gives us hope to strongly constrain the
quintessence scenario using weak lensing surveys. The next
generation weak lensing surveys will made available wide
surveys where a precise determination of the lensing effect
will be possible for a range of scales large enough to map the
sharp rise predicted here. For example, measurements of the
weak lensing effect amplitude at the 1° scale and the 18
scale with only a 10 % precision appear sufficient to test the
SUGRA quintessence hypothesis. It seems that the observa-
tional requirements are much more modest than for direct
measurements of the angular distances through SNIa obser-
vations.
C. Weak lensing on cosmic microwave background
In passing we note that weak lensing effects on CMB
maps could also be used to test the quintessence hypothesis.
The amplitude of the effect is mainly given by the amplitude
of the fluctuations of k , sk
2
, along the line of sight @51,52#.
In Table III we show the amplitude of the lens effect on the
last scattering surface at two different angular resolutions.
The amplitude is mainly sensitive to the linear change of the
growth rate integrated over the line of sight. It would prob-
ably not be a crucial test for the nature of the vacuum energy
but it is potentially an important test to pass once the general
cosmological parameters are determined. If the coming gen-
eration of observations requires quintessence, observation of
TABLE II. Evaluation of the ratio Pk
Q/Pk
L in the linear domain,
from Eq. ~29!.
z51 z52 z51000
vQ520.8 0.94 0.95 1.06
Ratra-Peebles a52 0.86 0.88 1.20
SUGRA a56 0.92 0.92 1.16
SUGRA a511 0.91 0.91 1.18
FIG. 7. Ratios Pk
Q(l)/PkL(l) for a source plane at z51. All
models are normalized so that sk are the same at 108 scale and
correspond to an V050.3 flat LCDM model with s851. The ob-
servational window, in which measurements with an accuracy better
than 10% are foreseeable, corresponds to l of 200 to 10 000 ~minute
to degree scale! where the most dramatic changes take place.
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an excess of power in the lens effect as suggested by these
calculations will be an important consistency test.
V. CONCLUSION
In this paper we have examined the growth of structure in
quintessence models in both the linear and the second order
regimes and present their more striking implications for the
statistical properties of the low-redshift large-scale structure
of the universe. We paid particular attention to cases of real-
istic implementations of the quintessence field since they
lead to scenarios where the energy fraction in the quintes-
sence component can represent a significant fraction of the
total energy density over a long period. We found that this
effect is responsible for important differences in the behavior
of the linear growth rate of the fluctuations: For the same
values of V0, realistic quintessence models lead to a linear
growth rate that can be 20% or 30% lower than in models
with a pure cosmological constant or with an effective quin-
tessence component ~where the vacuum has a constant equa-
tion of state which matches the angular distance constraints!.
The consequences of this discrepancy have been explored
at the level of the nonlinear power spectrum for which such
differences are amplified. For power spectra with identical
linear normalization ~at z50), the variation of the amplitude
of the nonlinear power spectrum can be as large as 2.
We have also computed the second order growth rate of
the fluctuation. We found that, when expressed in terms of
the square of the linear rate, it is not sensitive to the nature of
the dark energy. This ratio is actually not significantly sensi-
tive to any of the cosmological parameters. In this respect
our result extends previously known properties.
Weak lensing surveys appear to be the natural playground
for such effects. They combine effects on the angular dis-
tances and on the growth rate of the fluctuations. We show
that the skewness of the convergence field, at large angular
scale, is notably sensitive to the projection effects. It is to be
noted, however, that a universe with a quintessence field
does not resemble a universe with a cosmological constant
and larger matter density ~as is the case for the behavior of
the angular distances! but rather one with a lower density
parameter.
Moreover, the shape of the power spectrum of the conver-
gence field, which can be identified with a projected 3D mat-
ter power spectrum, retains the properties found for the 3D
nonlinear spectrum. It appears clear that CDM family models
for a flat universe can be distinguished from one another: a
variation of V0 changes the shape of the linear power spec-
trum, whereas the introduction of a quintessence field
changes the time at which modes become nonlinear.
The precision level of the current semianalytical predic-
tions for the shape of the nonlinear spectrum does not permit
us so far to make precise predictions from which the quin-
tessence potential could be reconstructed. Moreover, the use
of the prescription of Peacock and Dodds for models of quin-
tessence with a tracking solution should probably be vali-
dated with specific numerical simulations.
The calculations have been done in two specific models of
quintessence, the Ratra-Peebles model and the SUGRA
model developed in @16#. We think, however, that our con-
clusions would survive for any model where the energy den-
sity in the quintessence component can be a significant frac-
tion of the total energy up to recombination.
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